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Abstract 


Let X be genus 2 curve defined over an algebraically closed field of characteristic p and 
let Xi be its p-twist. Let Mx (resp. be the (coarse) moduli space of semi-stable rank 

2 vector bundles with trivial determinant over X (resp. Vi). The moduli space Mx is 
isomorphic to the 3 dimensional projective space and is endowed with an action of the group 
J[2] of order 2 line bundles over X. When 3 < p < 7, we show that the Verschiebung (i.e., 
the separable part of the action of Frobenius by pull-back) V : Mx^ Mx is completely 
determined by its restrictions to the lines that are invariant under the action of a non zero 
element of J[2]. As those lines correspond to elliptic curves that appear as Prym varieties, 
the Verschiebung restricts to the morphism induced by multiplication by p and we are able 
to compute the explicit equations for the Verschiebung. 


1 Introduction 

Let fc be a algebraically closed field of positive characteristic p and let V be a proper and 
smooth (connected) curve of genus 2 over k. Let (s G Z since k is perfect) be the p^-twist 
of X and let J (resp. Jg) denote its Jacobian variety (resp. the p^-twist of its Jacobian 
variety). Denote by Mx{r) the (coarse) moduli space of semi-stable rank r vector bundles 
with trivial determinant over X. The map E i— E defines a rational map the separable 
part of which, the generalized Verschiebung, will be denoted by V : Mx^ir) ---> Mxir). 

For r = 2 and k = C, we let Mx (resp. V) be Mx (resp. V 2 ). [NR] have constructed 
an isomorphism D ; Mx —^ |20| = that remains valid for an algebraically closed field 
of positive characteristic (it is straightforward for p 7 ^ 2 and [LPl] (section 5) give a sketch 
of proof for p = 2). Furthermore, the semistable boundary of Mx identifies with the 
Kummer surface Kumx, which is canonically contained in the linear system |20|. We have 
the commutative diagram 


( 1 . 1 ) 


1 



V 


- Mx 


Mx, 

D 

|20i 


V 


P 

1201 


and the induced rational map V is given by degree p polynomials ([LP2]). Note that all 
the map in that diagram are equivariant under the action of J[2]. 

Our interest in the situation described by the diagram ( 1 . 1 ) comes from the fact ([LS]) 
that, given a proper and smooth curve of genus g over a field k, a semistable rank r vector 
bundle E over X corresponds to an (irreducible) continuous representation of the algebraic 
fundamental group 7 ri(X) in GLr{k) (endowed with the discrete topology) if and only if 
one can find an integer n > 0 such that E = E. Thus, natural questions about the 
generalized Verschiebung ip : Mxj^{r) —^ Mxir) arise like, e.g., its surjectivity, its degree, 
the density of Frobenius-stable bundles, and the loci of Frobenius-destabilized bundles. 

For general {g, r, p), not much seems to be known (see the introductions of [LPl] and 
[LP2] for an overview of this subject). 

When g = 2, r = 2, and p = 2 and X is an ordinary curve, [LPl] determined the 
quadric equations of V in terms of the generalized the^a constants of the curve X. In 
[LP2] (resp. in [Du]), one could give the equations of V in case of a nonordinary curve 
X with Hasse-Witt invariant equal to 1 (resp. a supersingular curve X) by specializing a 
family X of genus 2 curves parameterized by a discrete valuation ring with ordinary generic 
fiber and special fiber isomorphic to X. 

When g = 2, r = 2, and p = 3, [LP2] determined the cubic equations of V in showing 
that this rational map coincided with the polar map of a Kummer surface, isomorphic to 
Kumx, in To reach this result, they used a striking relationship (see [vG]) between 
cubics and quartics on | 20 i|. 

In this paper, we shall suppose that p >3. Given r a line bundle of order 2 over X and 
a r-invariant semi-stable vector bundle E, i.e., satisfying E G)T ^ E, oi degree 0, one can 
give E a structure of invertible X®T -module. In other words, if tt : X —X is the degree 2 
etale cover corresponding to r, there is a degree 0 line bundle q over X such that E = 7 r*(g). 
On the one hand, the r-invariant locus of Mx is the union of two projective lines. On the 
other hand, n being etale, one has F*y^^{n^{q)) = 7 r*(Fjj,g(g)). Requiring that E has trivial 
determinant forces q to be in some translate of the Prym variety P associated to tt (which 
is an elliptic curve) and, as multiplication by p over an elliptic curve commutes with the 
inversion, it induces a map P/{±} = P/{±} = P^. Let Vpi be the separable part of 

the latter map and choose a r-invariant line A(r) in Mx- There is a natural isomorphism 
P/{±} 2A A(r) and Vpi coincides with the restriction of V : Mx^ --■> Mx to A(r). The 
main result of this paper is the following theorem (4.16) : 

Theorem Let X he a smooth and proper eurve of genus 2, suffieiently general, over an 
algehraieally elosed field of eharaeteristie p = 3, 5 or 7. The generalized Versehiebung 
V : Mxi Mx is completely determined by its restriction to the projective lines that are 
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invariant under the action of a non zero element 0 /J[2]. 

In particular, V can be computed explicitly in these cases and we recover the result of 
[LP2] in the characteristic 3 case. As an application, we recover if p = 3, and we show if 
p = 5, that there is a degree 2p — 2 surface S is |20i| such that the equality of divisors in 

|20i| 

I^“^(Kumx) = Kumxi + 23 

holds scheme-theoretically. The computations have been carried out using Maple 9 and 
Magma. 

I would like to thank Y. Laszlo for having introduced me to this question, for his help 
and encouragements all along my thesis. I would like to thank D. Bernardi, P.-V. Koseleff, 
M. Chardin and more specially G. Lecerf, for their help and explanations in the use of the 
computation softwares. 


2 The (coarse) moduli space Mx 

2.1 Preliminaries 

Let k be an algebraically closed field of odd characteristic. Let X be a proper and smooth 
curve of genus 2 over k and let J (resp. J^) be its Jacobian variety (resp. the moduli 
space of degree one line bundles over X, which is a principal homogeneous space under the 
action J). The embedding X ^ defined by (A), where A is the diagonal A C X x X, 
defines a theta divisor 0. 

Let Mx be the (coarse) moduli space of semi-stable rank 2 vector bundles with trivial 
determinant over X. The set of its closed points is the set of S-equivalence classes [E] of 
semi-stable rank 2 vector bundles E with trivial determinant over X. Note that Mx is 
endowed with a natural action of J[2] defined set-theoretically by (r, [i?]) h-> [i? ® r]. If 
E is strictly semi-stable, i.e., semi-stable but non-stable, there is a degree 0 line bundle j 
such that E is an extension 0 — j~^ E ^ j ^ i.e., E is S-equivalent to j ® i~^. 

If C is the Poincare’s bundle over X x J, one can consider the family £ = C® pa¬ 
rameterized by J, of semi-stable rank 2 bundles with trivial determinant over X. Because 
of the coarse moduli property, there is a unique h : J ^ Mx such that, for any j in J, 
b{j) = [£\xx{j}] = [j © Note that the semi-stable boundary in Mx, i.e., the image of 
b, is (globally) J[2]-invariant and that b is J[2]-equivariant. 

When k = C (but this result extends straightforwardly to any algebraically closed field 
with characteristic different from 2, and, with a little more work (see |LP1| for a sketch 
of proof) to an algebraically closed field of characteristic 2), it has been shown ([NR]) 
that there is a canonical isomorphism D : Mx ^ PiL°(J\ (20)) that maps a semi-stable 
bundle E over X to the reduced (hence linearly equivalent to 20) divisor over with 
support the set G T//r°(X, E®f) > 1} and recall by the way that any divisor linearly 
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equivalent to 20 is completely determined by its support ([NR], Proposition 6.4). In 
particnlar, this divisor is redncible if and only if it is of the form D[j © In other 

words, D maps the semi-stable boundary of Mx onto the set of reducible divisors of |20|, 
namely D[j © = T*0 + T^*_i0, where Tj (resp. Tj-i) is the isomorphism ^ that 

corresponds to j (resp. j~^) via the action of J on . 

Choose once for all an effective theta characteristic kq of X (that is to say one of the 
6 Weierstrass points of X) and consider the corresponding isomorphism J ^ given by 
i ^ i ® Hf). We still denote by 0 the divisor of J obtained as the inverse image of 0 by 
means of this isomorphism. Its support is the set {C € J/H^{C © Ko) > 1) and using the 
Riemann-Roch theorem, 0 is symmetric. It defines the canonical principal polarization on 
J. Using this isomorphism, we obtain an isomorphism 

D-.Mx^ PW°(J, (20)) = |20| 

that maps [E] to the (nniqne) divisor in |20| with snpport {C € J/h^{E © Kq © C) ^ !}• 
Of course, the semi-stable boundary is Mx still coincides with the set of reducible divisors 
in |20|. 

Now, we recall the basic facts of the theory of theta gronp schemes associated to an 
ample line bnndle L over an abelian variety A over k, as presented in [Mn2], Section 1. 
Let G{L) (resp. K{L)) be the group scheme (resp. the finite group scheme) such that, for 
any /c-scheme S, 

g{L){S) = {(x, 7)1 a; e R(R), ^ : L ^ T:L} (resp. K{L){S) = {x e A{S)\T:L = L}) 

We suppose that K{L) is reduced-reduced, in which case L is said to be of separable type. 
The theta group g{L) is a central extension 

1 ^ ^ g{L) K{L) 0 

Note that g{L) has a natural action on H^{A, L) and that this action has weight 1 in the 
sense that, being given A in and s in H^{A, L), \.s = Ald(s). More generally, if g(L) 
acts on a vector space W, one says that this action has weight r if, being given A in G^ 
and s in H^{A, L), one has A.s = A'’Id(s). As an example, one can consider the space of 
r-symmetric powers Sym’’iL°(A, L) on which g{L) has a natural action of weight r. 

Theorem 2.1 The vector space H^{A, L) is the unique (up to isomorphism) irreducible 
representation of weight 1 ofg{L). 

Proof : Combine the Proposition 3 and the Theorem 2 of [Mn2], Section 1. 

Being given a, f3 in K{L), a, f3 in g{L) above a and f3 respectively, the invertible scalar 
depends only on the choice of a and f3 and it indnces a skew-symmetric bilinear 
form : K{L) x K{L) —G^ that is non degenerate becanse G^ is the center of g{L). 
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Now, let TT : A —i? be a separable isogeny between abelian varieties and snppose that 
L = tt*M where M is an ample line bnndle over B. Becanse L descends on B, there is an 
action of kerTT on L covering the action of kerTT on A, i.e., a lifting kerTT K C Q{L) and 
M = (7r*L)^. In particular, kervr must be an isotropic subgroup of K{L) with respect to 
e^. Furthermore, 7 in Q{L) induces an isomorphism 7r*(7) of Q if and only if 7 lies in the 
centralizer Z{K) of K in G{L) and, when it is the case, 7r*(7) depends only on the class of 
7 in Z{K)/K. More precisely. 

Theorem 2.2 (1) Suppose that 71 : A ^ B is a separable isogeny between abelian varieties 
and let L be an ample line bundle over A. Then, there is a one-to-one correspondence 
between : 

- The set of isomorphism elasses of line bundles M over B sueh that L = 7r*M. Sueh 
an M is neeessarily ample. 

- The set of homomorphisms kerTT — G{L) lifting the inelusion kerTT A. 

(2) Being given a homomorphism kerTT ^ K C Q{L) as in (1) and letting M = (tt*L)^ be 
the eorresponding ample line bundle over B, there are eanonieal isomorphisms 

g{M) = Z{K)/K and K{M) = (kerTr)^/kerTT 

where (kerTT)-*- = {o; G K{L)\ e^{a, P) = I for any P G kerTr}. 

In particular, if M is a principal polarization, kerTT is a maximal isotropic .subgroup of 
K{L). 

Proof : (1) [Mul], Section 23, Theorem 2. The fact that M is necessarily ample comes 
from [Mul], Section 6, Proposition 6 and the finiteness of K{M). 

(2) [Mu2], Section 1, Theorem 4 and [Mul], Section 23, Theorem 4 for the last assertion. 


Returning to our situation, consider the ample line bundle (20) over J and the associ¬ 
ated theta group scheme ^((20)). Its natural action on H^{J, (20)) induces an action of 
J[2] onto 1201 and the morphism 

Kx-.J^ |20|, j ^ T;0 + Tl^Q 

which obviously factors through the quotient of J under the involution j 1 —> j~^, is J[2]- 
equivariant. The following lemma is an obvious consequence of the definitions : 


Lemma 2.3 The diagram 



Mx 


D 

| 20 | 


5 



of J[2]-equivariant morphisms is commutative. 


Let H be the hyperplan in |20| consisting in those effective divisors passing through the 
origin of J. The corresponding line bundle is p3(l). We let A be the reduced divisor over 
Mx with support The associated invertible sheaf (A) is isomorphic to D *(p3(l)) 

and one has 

H\Mx, (A)) = W°(|20|, (1)) = H\J, (20)) 

Furthermore, 6* ((A)) = (20). It can be shown that (A) is a determinant line bundle is the 
following sense : Let 5 be a /c-scheme S and let T be a rank 2 vector bundle with trivial 
determinant over X x S such that S{s) := £\xy.{s} is semi-stable for any closed point s in 
S. Because of the coarse moduli property, there is a map ip : S ^ Mx such that, for any 
closed point s E S, one has 99(5) = [T(s)]. Denote by q the second projection X x S ^ S 
and suppose moreover that h°(A, T(s)®fi;o)) = 0 (which implies that h^{X, T(s)®ko) = 0) 
for s generic in S. Therefore, Kl kq) = 0 and one can find a locally free resolution 

0 ^ Eq ^ El ^ R^q^{£ Ko) —^ 0 

The map u is generically bijective and the section det(M) defines an effective divisor on S 
that does not depend on the choice of the projective resolution, and that coincides with 
99“^(A) (notice that Suppv9“^(A) = {s G S'! h^{X, S{s) ® Kq) > 1}). The associated line 
bundle {det R^q^{S Kl Kq))”^ therefore coincides with (/)*((A)). 

Let ip 2 e ■ J PiL°(J, (20))* = |20|* be the canonical morphism associated to (20). 
It is of course J[2]-equivariant. One has the following lemma due to Wirtinger. 

Lemma 2.4 (Wirtinger) There is a non degenerate bilinear pairing on the vector space 
W* := H^{J, (20))* such that the induced isomorphism Bw '■ W* W makes the follow¬ 
ing diagram commutative 



This pairing is well-defined up to a non zero constant. 

Proof : : We only sketch the proof that can be found in ([Mu3]). The key idea is to 
consider the isogeny f:JxJ^JxJ given by {x, y) ^ {x -P y., x — y), the kernel of 
which is the finite group J[2], embedded diagonally in J x J. One proves that the pullback 
.^*((0) Kl (0)) of the principal polarization for J x J is isomorphic to (20) (20). Hence, 

there is a unique maximal level subgroup Ed of the Heisenberg group ^((20) Kl (20)) 
such that the TT-invariant part of ^*((20) Kl (20)) is isomorphic to (0) (0). If 9 is 
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"the" non-zero element of H^{J, (©)), .^*(6*^6*) is "the" non-zero if-invariant element of 
X J, (20) Kl (20)) = W ^ W and the corresponding bilinear form on W* is non 
degenerate because the action of ^((20)) over W is irreducible.□ 

2.5. Remark. Note that Wirtinger’s result remains true whenever J is a principally po¬ 
larized abelian variety and 0 is a symmetric representative for this polarization. In the 
sequel, we will always identify |20|* = PiJ°(J, (20))* and |20| = (20))) using the 

isomorphism FB^. 

The diagram in the lemma above is J[2]-equivariant as well. Thus, gathering these 
preliminary results, we obtain the following proposition (also found in [B]): 

Proposition 2.6 The diagram 



of J[2]-equivariant morphisms is eommutative. 

2.2 Choosing a Theta structure 

Most of the material in that section comes from [Mu2], Section 1. 

Let us dehne the two groups 

j H = (Z/2Z)2 
\ H = Hom((Z/2Z)2, k*) 

We identify H and H by means of the bilinear form {x, y) i—> (—and the canonical 
evaluation map H x H ^ k* maps {x, y*) to y*{x) = (—1) where y corresponds to y* 
via the above mentioned identihcation H ^ H. Dehne the Heisenberg group TL as the set 
k* X H X H, endowed with the group structure given by 

{t, X, x*){s, y, y*) = {sty*{x), x + y,x* + y*) 

Denote by E : [H x H) X X H) — k* the non degenerate bilinear form dehned by the 
commutator in TL, namely 

E{{x, X*), {y, y*)) = [(1, x, x*), (1, y, y*)] = x*{y)y*{x) 
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It makes H x H self-dual, the sub-groups H and H are isotropic with respect to E and the 
isomorphism of H induced by the restriction of E to {H x { 0 }) X ({0} X H) is the identity. 

Let 62 denote the bilinear pairing defined onto J[2] by the commutator in the theta 
group ^((20)). As it is non degenerate, it induces an isomorphism 

4>:H xH ^ J[2] 

symplectic with respect to E and 62 , namely a Gopel system for J[2]. 

Becanse E[ (resp. H) is isotropic, one can choose a lifting H ^ H (resp. H ^ H) in 
Q{{2Q)). There is a nniqne isomorphism 

that indnces identity on the centers, that maps H (resp. H) onto E[ (resp. H). Snch an 
isomorphism is a theta strnctnre on ^((20)) and we choose one once for all. In particnlar, 
W := H^{J, (20)) is an irreducible representation U : H ^ GL(kL) of weight 1. 

Given such a representation, one can construct a basis {Xx\x G iL}, defined up to a 
multiplicative scalar, satisfying the following properties : 

y.Xx = Xx+y for any x, y G H, x* .X^ = x*{x)Xx for any x, x* E H x H. 

Namely, the snbgronp H C H being abelian, the indnced representation on W is completely 
redncible and splits in a direct snm of dimensional 1 snbspaces indexed by the gronp of 
character of H, i.e., by H. Let Xqo be a non-zero element of and set X^ = (1, x, 0).Xoo 
for any x E H. Then, for any x* E H, the equalities 


( 1 , 0 , x*)X, 


(1,0, a;*)(l,a;,0)Xoo = 


x*{x){l, X, 0)(1, 0, a;*)Xoo = x*{x)X^ 


show that Xx spans the subspace Wx on which (1,0, x*) acts like x*{x)Id. Because the 
canonical evaluation map {x, x*) 1 —> x*{x) is non degenerate, the family {Xx\x E E[} is 
free and, since it contains 4 elements, we can conclnde. 

We call {Xqo, Woi, Xio, Wi} the theta basis of W (associated to the theta strnctnre 
(f) : TL ^ ^((20))). In terms of that basis, one can give an explicit description of G : H ^ 
GL(W) : Set 



(° 

1 

0 

0 \ 


/O 

0 

1 

0 \ 


( ° 

0 

0 

1 \ 


1 

0 

0 

0 


0 

0 

0 

1 


0 

0 

1 

0 

ttoi — 

0 

0 

0 

1 

; cuo — 

1 

0 

0 

0 

an — 

0 

1 

0 

0 


VO 

0 

1 



VO 

1 

0 



U 

0 

0 

0/ 


and 


/ 1 

0 

0 

0 

\ 


/ 1 

0 

0 

0 

\ 

0 

-1 

0 

0 


i Ao — 

0 

1 

0 

0 


0 

0 

1 

0 


0 

0 

-1 

0 


VO 

0 

0 

-1 

) 


Vo 

0 

0 

-1 

/ 


Ai 


/ 1 0 00 

0-100 
00-10 
\ 0 0 01 
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For convenience, set also aoo = /9oo = Id and notice that an = aoicuo = aiocroi and 
Pn = PoiPio = PioPoi- Then U{t,x,x*) = tPx*(^x for any (t, x, x*) G H. These six matrices 
are order 2 elements of GL(IF) with determinant 1 and the same statements hold for any 
product Px*Oix with {x, x*) non-zero in H x H. 

2.7. Remark. Note that the isomorphism Bw (Lemma 2.2) allows us to identify W and 
W*. We let {x,} be the corresponding dual basis of W*. It gives a set of homogeneous 
coordinates for ¥W = |20|, canonical in the sense that it depends only on the choice of 
the Gopel system H x H ^ J[2]. 


2.3 The Kummer quartic surface 

Let Kumx denote the image of the map Kx ■ J —^ |20| appearing in Lemma 2.3. We have 
the following lemma 

Lemma 2.8 Let X he a genus 2 curve and let J be its Jacobian. The map Kx '■ J —^ |20| 
identifies with the quotient of J under the action o/{±}. Rs image is a reduced, irreducible, 
J[2]-invariant quartic in |20| with 16 nodes and no other singularities, i.e., a Kummer 
surface. 

Proof : Because Kx coincides with <^20 (Lemma 2.4) and because of the Riemann-Roch 
Theorem for abelian varieties (see, e.g., [Mul]), one has 

deg(v920)-deg(Kumx) = (20)^ = 8 

Therefore, deg(Kumx) = 4. Because J is an irreducible abelian surface, Kumx is reduced. 
Thus, it is a quartic and Kx coincides with the quotient J ^ J/ {±} (see [GD], Proposition 
4.23 for details). It is therefore finite, surjective and separable, generically 2-1 hence of 
degree 2 (see, e.g., [Mul], Section 7) and Kum^ is irreducible. The map Kx is furthermore 
generically etale and it ramifies only at the 2-torsion points of J thus the singular locus of 
Kumx: is contained in the image of J[2]. An easy calculation in the formal completion of 
the focal ring at a point of J[2] shows that it is a node (see [GD], Note 4.16). The fact 
that it is J[2]-invariant is clear. □ 

2.9. Remark. Let us consider a principally polarized abelian surface A and let 0 be a 
symmetric representative for that polarization. Either A is an irreducible abelian variety 
or A is the product of two elliptic curves. In the former case, one can show that 0 is 
a non singular genus 2 curve the Jacobian of which is isomorphic to A and this is the 
situation of the lemma above. In the latter case, 0 is the union of two elliptic curves 
meeting transversally in one point and the morphism (p 2 e : A —|20|* associated to (20) 
makes the following diagram commutative 
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El X E2 


<^20 


pi X pi - 


Segre embedding 


| 20 |* 


where the map EiX E 2 ^ is the product of the canonical maps Ei —P^ (i = 1, 2), 

which identifies with the qnotient E^ Ei/{±.}. The image of the Segre embedding is a 
non singnlar qnadric in P^. 

2.10. Remark. Conversely, it corresponds to any quartic surface S in P^ with the proper¬ 
ties described in the lemma (i.e., a Knmmer snrface) a principally polarized abelian snrface 
A whose principal polarization is a non-singnlar cnrve ([GD], Proposition 4.22), hence a 
genns 2 cnrve the Jacobian of which is isomorphic to A (see the previons Remark). In 
other words, one recovers the moduli space of proper and smooth curves of genus 2 over k 
(see [H], Chapter IV, Ex. 2.2 for another (much more basic) description). 


Lemma 2.11 (1) In the eoordinate system {x,} defined above, there are sealars /cqo, ^ 01 , ^10 
and kii sueh that the equation defining the Rummer quartie surfaee Kum^ is 

S + 2kQoP + koiQoi + kioQiQ + knQn (2-1) 


where 


Qoi — T 


X 


01 


R = 
+ xIq 


X, 


00 


+ xli 


+ xjo 


+ xii, 


P — XqqXoiXiqXii, 


X- 


11 ) 


Qio = T 


X- 


10 


+ xli 


X 


11 ) 


Qii = x^Qxfi + x^ix 


10 - 


(2) These scalars /cqo, ^oi) ^10 kn satisfy the cubic relationship 

4 + koikiokii — kh — k^Q — k\^ + /cqq = 0 (2-2) 

and one has 

km 7 ^ ± 2 , kiQ ^ ± 2 , kn ^ ± 2 , 

km + kiQ + kn + 2 ± /cqo 7 ^ 0 , 

< km + km — /cn — 2 ± /cqo 7 ^ 0, (2.3) 

^01 ~ ^10 + /cii — 2 ± /cqo 7^ 0 , 

^ ~km + km + /cn — 2 ± km 7 ^ 0 

Proof : (1) Using the fact that the Knmmer snrface in |20| is J[2]-invariant, the element 
of Sym^ lU* that generates its ideal is invariant (np to scalar) nnder the natnral action (of 
weight —4) of TL on Sym^lU*. Thus ([GD], Theorem 2.20), one can look for the equation 
of Kumx under the form ( 2 . 1 ). 

(2) We let (doo : doi : dio : dn) be the homogeneous coordinates of the image 9920 ( 0 ) 
of the origin of J in |20|*, i.e., the generalized theta constants in classical terminology 
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of theta functions. Note that the orbit of that point under the action of J[2] consists in 
16 distinct points. Because these points are the points of a 16-6 configuration (see |GD|, 
Section 1), the corresponding conditions on the are equivalent to the following : 


'f^oo'f^oi 7^ i'dio'dii, 

■*^00 + 7^ '*^10 + '^11^ 

^ 


■*^00 + 7^ "^^oi + 


7^ i'doi'dio, 

■*^00 + '’^11 7^ + ''^10’ 


The fact that 9520 ( 0 ) is a node means that the four partial derivatives of the equation (2.1) 
vanish at (^9oo ^ ^01 ^ ^10 ^ '*^11 )• It gives a linear system of four equations (depending on 
the 29,) that the k, must satisfy. Solving the system, we can express the k, in terms of the 
{9,. Namely, one has 


^01 — 

kii = 




'01 


'10 


11 




■*^00 




01 


^fo + ^t 


11 


^^O^fl - ^^l^fo 


^10 — 


,q4 

‘'00 


— 29'^ 
''01 


+ i9to - 


11 


292 JX 2 

"00 "10 


J22 „Q2 
''0l''ll 


and /coo can then be computed directly from (2.1). A few more calculations ([GD], Lemma 
2 .21) show that one can eliminate the i9, from the expressions of the k, to find the cubic 
relationship 


4 + ^ 01 ^ 10^11 ^01 ^10 ^11 4” ^00 — 0 


From this equation, we obtain the following four equations 


{koi + 2)(/cio + 2)(/cii -|- 2) 
(/coi ~ 2)(A;io — 2){kii + 2) 
(fcoi ~ 2)(A;io + 2){kii — 2) 
(koi + 2)(kio ~ 2){kii — 2) 


(/coi + kio + kii + 2 — koQ){koi + kio + ku + 2 + /cqo) 

{koi + kiQ — kn — 2 — /i;oo)(^oi + ^10 ~ ^11 — 2 + /cqo) 

{koi — kio + ^11 — 2 — koo){koi — km + kn — 2 + / cqo ) 

{—koi + km + kn — 2 — /coo)(~^oi + ^10 + ^11 — 2 + koo) 


Note that neither 

nor 

^01 + 2 = — 

can be zero. By symmetry, one has km 7 ^ ±2 and kn 7 ^ ±2 as well. Together with the 
four equations deduced from (2.2), one can conclude. □ 


L ^OO^gl - ^fo^fl J 

' (tfgo - - q, + tf;,) ' 

tfoo^oi - 
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2.4 Invariant lines in Mx 

We are interested in those linear subspaces of |20| on which a non zero r in J[2] acts like 
identity. Let r = {x, x*) be an order 2 element in J[2]. 

A lifting (t, X, X*) of r in Ti has order 2 if and only if = x*{x). Choose once for all a 
square root i of —1 in k and let r be (/r, x, x*) with /r = 1 (resp. /i = i) if x*{x) = 1 (resp. 
x*{x) = —1). The corresponding element fiPx*C(x in Gh{W) has order 2 and determinant 
/i^ = 1. As it cannot be the identity matrix (because r 7^ 0), W splits in the direct sum 

w = W^® W-^ 

of two 2-dimensional spaces of eigenvectors, associated to the eigenvalues -|-1 and —1 of r 
respectively. 

We construct a basis adapted to this decomposition, that will be useful in the computations 
of the Section 4. 

Proposition 2.12 Let r be any non-zero element 0/J[2] and let r be the order 2 element of 
hi defined above. There is a basis {Ao(r), Ai(r), Ao(r), Ai(r)} for W that splits into bases 
{Ao(r), Ai(r)} and {Ao(r), Ai(r)} for W'^ and W~'^ respectively. Furthermore, one can 
find a theta strueture, i.e., an automorphism of Heisenberg groups p : H ^ TC, mapping 
(1,00,10) to T, sueh that this basis eoineides with the theta basis eorresponding to the 
representation Ti TL ^ GL(W). 

Proof : Denote again by r the element Ur of GL(W) and by 1 the identity matrix. As 
= 1, it is easily seen that 

pf = {t + l)/2 and = (1 - r)/2) 

is rank 2 projectors of the linear space W, and that their images are and W~'^ re¬ 
spectively. One can extract a basis of (resp. W~'") from the family {pf{X,)} (resp. 
{p“(X,)}). Let us distinguish whether a; = 00 or not. 

If X is zero, one has 


ptix. 


1 


+ x*{z) 




Xz if x*(z) = 1 

0 if x*(z) = —1 


and 




1 - 



0 if x*(z) = 1 

Xz if x*lz) = —1 


Therefore, we let A,(r) (resp. A,(r)) be the non zero elements pf{X,) (resp. p~{X,))) 
with corresponding lexical order. In other words, we permute the elements of the basis 
{X,}. Notice that one always has Ao(r) = Xqo and let {zi, Z 2 , z^} be the permutation of 
{01, 10, 11} such that 


A fir) = X,„ Ao(r) = Ai(r) = 
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Because Zi + Z 2 + Z 3 = 00, the bijection pu '■ H ^ H well-defined by the conditions 
Ph(OO) = 00, pi^(Ol) = Zi and piy(lO) = 2:2 is a gronp antomorphism of H. Fnrthermore, 
there is a unique automorphism pfj oi H such that the automorphism 

is symplectic with respect to E. The automorphism p oiH acting like pn x pp on H x H 
and acting like 1 on the centers is the one we are looking for. Indeed, Xqo = Ao(r) is 
invariant nnder the action of H and one has 


P/^(01).Ao(r) = Ai(r), pH(10).Ao(r) = Ao(r), p/^(ll).Ao(r) = Ai(r) 

thns the basis {Ao(r), Ai(r), Ao(r), Ai(r)} is the theta basis corresponding to the repre¬ 
sentation H H ^ GL(IT). 


If X is non zero, r = (p, x, x*) with = x*{x) and one has 

p+(X^) = ]^{X^ + px*{x + z)X^+^) 

Thus, the elements of the family {p+(X,)} are pairwise colinear. In particular, we find 
that p+(X2;) = pp+(Xoo). We let Ao(r) be p+(Xoo) and we let zq be the first (for lexical 
order) non-zero element of H such that 

{Ao(r), p+(X^J} 

is a basis for = Imp+. This Zq is necessarily different from 00 and x (more precisely, 
Zq = 10 if x = 01 and Zq = 01 in the two other cases). We set 

Ai(r) =p+(X^J, Ao(r) =p"(Xoo), Ai(r) =p"(X^J 


and we obtained the annonnced basis of W. Taking 7 = (t, y, y*) in H, one has 


7(Ao(r)) 


l + x*{y)y*{x)T 
---(7(Aoo)) 


ty*{y) 

2 


{Xy + p{x* + y*){x)X^+y) 


If 7 (Ao(r)) = Ao(r), then either y = 0 or y = x. In the former case, one mnst have t = 1 
and y*{x) = 1. There is a nniqne non-zero element in H (say zD fnlfilling this condition 
and because x and zq generate H, one must have zI{zq) = — 1. In the latter case, one must 
have t = p and y*{x) = x*{x). The two elements of H fulfilling this condition are x* and 
x* + z^ 

Consider the abelian snbgronp {1, (1, 00, z^), r, (p, x, x* + z^)} of Ti. By constrnction, it 
fixes Ao(r). Still by constrnction, one has 


r(Ai(r)) = Ai(r), r(Ao(r)) = -Ao(r), r(Ai(r)) = -Ai(r) 
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Finally, because -F((00, zl), r) = zl{x) = 1 and zl{zo) = —1, one obtains 


(1,00, ;^n(Ai(r)) = -Ai(r), (1,00, 4)(Ao(r)) = Ao(r), (1,00, ;^D(Ai(r)) = 

Now, choose two elements Z 2 and z^ in H, not necessarily different, such that z^i^x) 
and = -1- It is easily checked that, on the one hand. 


{z^izo), Zo, 4)(Ao(r)) = z^izo 


2 I + x*{zo)z^{x)t 


^.0 = Ai(r) 


and 


(1,00, 2J)(A„(t)) = = A„(r) 


and that, on the other hand, 

[(4(^o), Zo, Z 2 ), (1,00, zl)] = zl{Zo) = -1, [{z* 2 {Zo), Zo, zl), r] = X*{Zo)z* 2 {x) 


Ai(r) 

= x*{zo) 


1 


and 

[( 1 , 00 , ;^ 3 *), ( 1 , 00 , 2 :^] = 1 , [( 1 , 00 , 4 ), ?] = zl{x) = -1 

where [.,.] is the commutator is Ti. Hence, one can define an automorphism p : H ^ H 
by setting 


p((l, 00 , 01 )) = ( 1 , 00 , 2 :*), p((l, 00 , 10 )) = F, 

p((l,01,00)) = {z* 2 {zo), Zo, z;), p((l,10,00)) = (1,00, ;^ 3 *), 

and by asking that the map induced on the centers is 1 . □ 

2.13. Remark. The bases {Xqo, Xoi, Xio, Xu} and {Ao(r), Ai(r), Ao(r), Ai(r)} are the 
same for r = ( 0010 ). 

Corollary 2.14 (1) Given r in J[2] \ {0}, there are two (disjoint) t -invariant lines in 
|20|. The T-invariant loeus in |20| is globally invariant under the aetion of J[2] and a 
element a in J[2] permutes the eonneeted eomponents if and only if 62 ( 0 :, r) = —1. 

(2) If A{t) is a line of (1), there are coordinates {Aq, Ai} such that A(r) flKumx consists 
in four reduced points with homogeneous coordinates 

(a : h), (a : —h), {h : a) and {h ; —a) 

These sealars don’t depend on the ehoiee of the T-invariant line A(r). 

Proof : Because of the proposition, it is enough to prove the corollary for a particular r so 
let r be the element (0010) of J[2] and let r = (1, 00, 10) in TL. We will denote by A+(r) 
(resp. A“(r)) the projective line in |20| corresponding to W’’' (resp. kF”"^). If X is any 
eigenvector of r and if 5 is any element in TL with class a m H x one has 

r(5(A)) = 62 ( 0 ;, r) = 5(r(A)) 
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which proves (1). 

The ideal (xio, Xn) of A'*’(r) coincides with the kernel of the dnal map W* -» . 

Denote by Aq (resp. Ai) the image of xqo (resp. xm) in {W^y. The equation (2.1) of 
Kumx maps to 

-^0 + -^1 + ^oiAgA^ = 0 

in Sym^ {Wy* and this quartic generates the ideal of the scheme-theoretic intersection 
A+(r) n Kumx- Hence, because /cqi Y ±2 (Lemma 2.11.(2)), A+(r) fl Kum^ consists in 
four reduced points with homogeneous coordinates 

(a : 6 : 0 : 0), (6 : a : 0 : 0), (a : —6 : 0 : 0), (6 : —a : 0 : 0). 

]Y -l- (2^ 

where a and b are pairwise different non zero scalars satisfying the equality /cqi =-. 

Because Kumx is J[2]-invariant and because aio maps Ago to Aig and Agi to An, it 
is clear that one would have similar results concerning A“(r). □ 

We let oj{t) be the unique scalar such that the equation of the Kummer surface restricts 
to 


Ao(r)" + Ai(r)^ + o;(r)Ag(r)2Ai(r)2 = 0 (2.4) 

on A(r). The equations (2.3) exactly tell us that oj{t) Y ±2 for any r in J[2] \ {0} and 
we gather their expression in terms of the k,, computed thanks to the bases constructed 
in the Proposition 2.12, in the following chart. 


x\x* 

00 

01 

10 

11 

00 

•k 

kio 

A^oi 

ku 

01 

‘^{koo + ^10 + ^ii) 

2(—A^oo + A:io — kn) 

2( —/cgg + kio + kii) 

2^{koo + A;ig — ku) 

2 -|- km 

2 — km 

2 + koi 

2 — koi 

10 

‘^{koo + koi + kii) 

2( —A:gg + fcgi + ku) 

2(—A:gg + koi — kii) 

2(A;gg + koi — ku) 

2 -|- /cin 

2 + /cin 

2 — kio 

2 — kio 

11 

‘^{koo + ^01 + ^lo) 

2(A;oo + A:oi — A;ig) 

2(—/coo + A:oi — A;ig) 

2(—A;gg + koi + A^io) 

2 k-\-\ 

_ _ 

_ — kii _ 

2 -\- kii 


2.15. Remark. Let A(r) be a r-invariant line in |20|. We will prove in the next section 
that this line identifies with the quotient P/{±}, where P is the Prym variety associated 
to r, which is an elliptic curve in that case. Furthermore, the points of the intersection 
A(r) n Kumx are the Weierstrass points of P. This gives another proof of the fact that 
uj{t) Y for any r in J[2] \ {0}. 
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3 Prym varieties 

Most of the material in that section has been adapted to our situation from the very clear 
exposition found in [Mu3]. 


3.1 Etale double cover 

Choose a non-zero element r of J[2]. One can construct an etale double cover n : X ^ X 
as follows : An isomorphism 0 : r O r ^ x allows us to give the direct sum x © '?’ a 
structure of x-algebra with product 

(a, l)(b, m) = {ah + (t>{lm), am + hi) 

and we set X := Spec(x © t), which is of genus 3 (Hurwitz). Of course, it does not 
depend (up to isomorphism) on the choice of the isomorphism 0 : r O r —x- Denote by 
J the Jacobian of X. If stand^for tjie moduli space of degree 2 line bundles over X, 
there is a canonical theta divisor 0 C As tt is etale, Hurwitz’s formula assures that 
the canonical divisor X on X coincides with the pull-back tt*K of the canonical divisor on 
X. Therefore, is a theta characteristic on X and pulling-back 0 by the isomorphism 
J ^ .P defined by j i—> j © we obtain a symmetric divisor (still denoted 0) that 

represents the canonical polarization of J. 

We have homomorphisms vr* : J —J and Nm : J ^ J, the latter being deduced 
from the push-forward of divisors via n. We easily check that the composite Nm.yr* is 
multiplication by 2. Therefore, kerTT* C J[2] and it is easily seen to be equal to < r >. 
Furthermore, using divisors, one can show (see, e.g., [H], Chapter IV, Ex. 2.6) that, for 
any j G J, 

det(7r*j) = det(7r*^) © Nm(j) = r © Nm(j) (3.1) 

The homomorphisms tt* and Nm are dual one to each other, i.e., the following diagrams 
(equivalent by duality) commute 



where Ae : J J (resp. Ag : J ©A J) is the isomorphism of abelian varieties defined by 
j {T*Q — 0) (resp. j h-> (T00 — 0)). This implies that the third diagram 


(3.3) 


16 




is also commutative. One checks that, from a set-theoretical point of view, 

(7r*)"^(Supp 0) = {j e J|/r°(X, 7r*(j O kq) > 1} 

= {j e J|/i°(x, Kq) > 1} 

= {j G J\h^{X, {j 0 Ko) © (r ® j O Ko)) > 1} = Supp 0 U Supp T*Q 

Therefore, the divisor (7r*)“^(0) is defined and the commutativity of the latter diagram 
assures that it is algebraically equivalent to 20. 

3.1. Remark. Note that this result holds for any representative of the principal polarization 
Ag, i.e., for any j in J, as soon as the divisor (7r*)“^(Tj^0) is defined, it is algebraically 
eqnivalent to 20. 

Let us introduce the set 

Sr = {z E J j = t} C J[4] 

which is a principal homogeneous space under J[2]. For any 2 ; in Sr, 'n'*{z) belongs to 
J[2] for 71*{zY = 7i*{z^) = 7r*(r) = 0. Let 0^ be the effective divisor which is a 

symmetric representative for the principal polarization Ag. From a set-theoretical point of 
view, 

(7r*)"^(Supp 0^) = {j e J|/r°(X, 7 r*{j © ^ © kq) > 1} 

= {j e J\h^{X, {j ®z® Ko) © (z~^ Ko)) > 1} 

= Supp T*0 U Supp T*^0 

The divisor (7r*)“^(02) is therefore defined and algebraically eqnivalent to 20. Note fnr- 
thermore that tt* being a degree 2 map onto its image, we have, in terms of divisors, the 
eqnality (7r*)“^(0^) = T*0 + T*^0 and the latter is linearly eqnivalent to 20. 

3.2 Prym varieties 

Denote by P the abelian variety ker(Nm : J J)°, and choose 2 ; in Sr- Denote by a the 
homomorphism 

J X P ^ J; (x, g) I—> TT*{x) + q 

One easily sees that a has finite kernel C J[2] x P[2]. Thus, it is a separable isogeny 
and P is an abelian variety of dimension 1, i.e., an elliptic cnrve. 

Lemma 3.2 (1) The composite 

JxP^J^J^JxP 
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defines a polarization for J x P that splits into a product 2 A© x p, where p : P ^ P is a 
polarization for P. 

(2) There is a isomorphism 

p : T^/ < T P[2] 

where = {a E J[ 2 ]| 62(0:, r) = 1 }, symplectic with respect to 62, j and 62 ,p. 

In particular, p = 2Xp, where Xp : P —> P is a principal polarization. 


Proof : The results in that lemma can be found in [Mu3], Sections 2 and 3. We only sketch 
Mumford’s arguments. 


a 


7 P 
Because of 


(1) The polarization defined in the lemma may be viewed as a 2 x 2 matrix 

where a, ( 3 , 7 and p are the expected homomorphisms of abelian varieties, 
the diagram (3.3) and the Remark 3.1 in the previous subsection, a = 2Ae. Because any 

polarization is symmetric, /9 = 7 and because J —^ J ^ J is zero by the very definition 
of P (see the diagram (3.2)), /9 = 0. Therefore, the considered polarization splits into the 
product 2 A 0 X p, where p : P —P is a polarization for P. 

(2) On the one hand, because fl ({0} x P[2]) = {0}, one can find a subgroup K C J[2], 
containing kerTT* =< r >, and an injective homomorphism p : Kf < r P[2] such that 

identifies with K by means of the map 


K ^ K„, a H->• (a, p{oi)) 

where a is the class of a via the quotient map H H/ < r >. It is clear that 

(a) p{K/ < r >) C kerp C P[2]. 

On the other hand, because Ag is a principal polarization, is a maximal isotropic 
subgroup of ker(2Ae x p) = J[2] x ker(p), with respect to the product bilinear form 62 , j x Cp 
(see Theorem 2.2.(2)). Thus, 

(b) card(P')^ = card(P'o-)^ = card(J[2])card(ker p), 

(c) for any a, (3 in K, e 2 ,x(a, f3)ep{p{a), p{l3)) = 1. 

Use (c) to obtain the inclusion < r >C and combine (a) and (b) to show that it is an 
equality. Thus, because P is an elliptic curve, the inclusions of (a) are equalities and (b) 
assures that the corresponding isomorphism is symplectic. 

It ends the proof of the lemma since the fact that ker(p) = P[2] implies that p is twice the 
principal polarization of P. □ 


Choose a symmetric divisor S representing the principal polarization Xp. The line 
bundle (2S) is canonical and because the polarization defined above splits, one has 


a*((0,))^(20)K(2S) 
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Consider the Heisenberg gronp ^((20) Kl (2S)) associated to that ample line bnndle over 
J X P. It is a central extension 

1 ^ ^ ^((20) S (2S)) ^ J[2] X P[2] ^ 1 

and it is isomorphic to ^((20)) x ^((2S))/((t, t~^), t G Gm). Because of the Theorem 
2.2.(1), there is a unique level subgroup K^j C ^((20) Kl (2S)), isomorphic to = kera, 
such that 

a,((20)K(2S))^^ = (0,) 

Denote by r the image of r via the lifting K^j. 

Proposition 3.3 (1) There is an isomorphism (well defined up to a multiplieative sealar) 

X : H\J, (20))" ^ H\P, (2S))* (3.4) 

(2) The applieation 6r,z ■ P —^ |20| that maps a point q in P to the well-defined divisor 
{71 *)~^(T*Qz) is a morphism that faetors as the eomposite 

P (2S))* ^ PP°(J, (20))" C |20| 

where the (well-defined) isomorphism is deduced from X- 

Proof : The results of that proposition can be found in [Mu3], Sections 4 and 5, and we 
sketch Mumford’s arguments again. 

(1) Consider the homomorphism 7 i* : J ^ J. Its kernel is < r > and its image identihes 
with J/ < T >. We let G be the (separable) isogeny J ^ J/ < r > and a : J x P ^ J 
factors as 

T 7~> X Id -T- / 22 T 

J X P -> J/ < T > xP ^ J 

One has (Theorem 2.2) 

*;((©.)) = ((*1 X Id),((20) H (2S)))" = (pd20))" K (2S) 

and, letting Z(t) be the centralizer of r in ^((20)), one has the isomorphism of Heisenberg 
groups (of weight 1 in the sense that it induces the identity on the centers Gm) 

g{{tumf) = Z{T)/ <T> 

Furthermore, the space H^{J, (20))" is the unique (up to isomorphism) irreducible repre¬ 
sentation of weight 1 of the Heisenberg group Z(t)/ <t>. 

The symplectic isomorphism ip ■. / <r>—i^P[2] constructed in the Lemma 3.2 allows 

us to construct an isomorphism of Heisenberg groups (of weight —1 in the sense hat it 
induces A h-> A“^ on the centers) 

p : Z{T)/ <T>^ ^((2S)) 
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Indeed, since e 2 ,x(«, P) = e 2 ,p( 9 ?(Q:), (p{J3))~^ for any a, /? in r-*- (see (c) in the proof 
of the Lemma 3.2), one can hnd an homomorphism ^ snch that the following diagram 
commutes 

1 — Gm —^ Z{t)/ < T > T-^l <T > — 

U I i(p I i(p 

1 ^ G^ ^ g{{2E)) ^ P[2] ^ 1 

and since ip is an isomorphism, <p ditto. Let H^{P, (2S))* be the dual vector space of 
H^{P, (2S)). It is the unique irreducible representation of weight —1 of ^((2S)) and the 
latter isomorphism of Heisenberg groups, together with the Theorem 2.1, assures that we 
have an isomorphism (unique up to scalar as it can be shown using Schur’s lemma) 

X : H%J, (20))" ^ H%P, (2S))* 

(2) Let So be a non zero section of H^{J, (0^)). Its pull-back ct*(so) is the unique (up 
to scalar) iLo--invariant element of the space of global sections 

H%J X P, (20) S (2S)) = H%J, (20)) 0 H%P, (2S)) 

Let g be a point of P. The zero locus of cT*(so)|jx{q} identihes set-theoretically with the 
inverse image (7r*)“^(Supp (T*Qz))- Suppose that is proper subset of J. Then, 

{7rT\T;e,) 


is a well-dehned divisor on J, that is algebraically equivalent to 20 (see the Remark 3.1). 
Because one has taken q in P, it is in fact linearly equivalent to 20. Indeed, the line bundle 
associated to the algebraically trivial divisor (7r*)“^(Tg 0^) — (7r*)“^(0;j) corresponds to the 
point 7r*(A0(g)) in J. Because of the diagrams (3.2), P identihes with A~^(ker(7r*)°), and 
we hnd that 

(7r*)-i(T;0,) (7r*)-i(0,) 20 

Thus cT*(so) determines a rational map 

6r,^:P-^ | 20 | 

that maps q to the divisor Sr,z{(!) = when dehned. 

Choose a basis {Aq, Ai} of H^{J, (20))"^. The isomorphism y allows us to construct a basis 
{Lq, Li} of H^{P, (2S)), uniquely dehned up to a multiplicative scalar, and satisfying the 
conditions 

x(Ai)(rj) = 5ij for any i, j = 0 or 1 

By construction, Aj Kl Lj is iLg^-invariant, hence equal to o'*(so) after suitable normal¬ 
ization. Therefore, the restriction o'*(so)|jx{q} coincides with the section 

Er.(9)'A. 
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of H^{J, (20)), that is non zero since the linear system |2S| is base-point free. Thns the 
rational map 6 ^ ^ is actnally a morphism P |20|. Fnrthermore, the corresponding linear 
map H^{J, (20))* —> H^iP, (2S)) obviously factors as 

H\J, (20))* ^ {H\J, (20))^)* ^ H\P, (2S)) 

where the surjection is the dual of the inclusion and the isomorphism is deduced from y, 
hence the proposition. □ 


3.3 Prym varieties and Mx 

For any q in P, one can construct a semi-stable rank 2 vector bundle with trivial determi¬ 
nant over X, namely 

7T*q ® 2 :, where z G Sr = {z G J\ z‘^ = r} 

Indeed, the corresponding sheaf is locally free because n is flat, it has determinant 

Nm(g) ®T®z^ = x 

(see the isomorphism (3.1)) and if there were an invertible sub-sheaf L C n^q^z with non 
negative degree, the projection formula would give a non zero map 7r*L — q07r*{z), which 
is contradictory since deg7r*L > deg(g ® 7r*(2;)) = 0. 

Taking the universal line bundle C over X x P and considering 

((tt X Id)*£) Kl 

as a family of semi-stable rank 2 vector bundles with trivial determinant over X, parame¬ 
terized by P, we obtain, using the universal property of Mx, a morphism 

drx '■ P ^ Mx 


depending on r and 2 ;. 


Lemma 3.4 The following diagram is commutative. 



The intersection Sr,z{P) H Kumx in |20| is the image 5r,z{,P[P\) c/P[2]. 


21 



Proof : For any q in P, the set Supp (5,-^^(g)) is by definition the set 


Supp ((tt*) 0^)) = {j e J\ TT*{j ® z ® Ko) (g) q) > 1} 

Because of the adjunction formula, it coincides with the set 

{j e J\ h^{X, {n^q g z) g j g kq) > 1} 

which is precisely the support of the divisor D{[n^qgz]). As the divisors linearly equivalent 
to 20 are determined by their support (see [NR], Proposition 6.4), the diagram commutes. 

Suppose 5r, 2 ( 5 ') is in Sr,z{P) H Kum^. It means that n^q ® 2 : is a non-stable bundle. If 
L is a degree 0 invertible sub-sheaf of n^qgz, then the projection formula gives a non zero 
morphism of invertible sheaves 

n*L q g TT*z 

over X and qg7T*{z g L~^) must be the trivial sheaf. Thus, with the notations of Section 
3.2, zgL~^ must be an element of K = and q must be an element of ^*[2], corresponding 
to the class 2 : g L~^ of ® L~^ in t-^/ < t > via the symplectic isomorphism (p of the 
Lemma 3.2. As p is surjective, we are done. □ 

3.5. Remark. One can ask what happens if one takes z' ^ z in Sr- In particular, we 
shall compare dr,z and 6r,-z in the next section. Let a in J[2] be the difference z' — z and 
consider the maps dr^z’ and (jr, 2 '- The map d^^z’ (resp. coincides with the composite 

of dr^z (resp. Sr^z) with the automorphism of Mx (resp. |20|) induced by the action of 
a. More precisely, the unique (up to scalar) isomorphism (0^/) ^ provides an 

isomorphism 4/(a) defined as the composite 

(20) K (2S) --- (20) H (2S) 

5 iX) 1 i ^ 

T„*(20)K(2S) ^ T*{a*{ez)) - a* (T;. (,)(©,)) ^ a*(0,,) 

where 5 is any lifting of a in ^((20)) and where we use the splitting of (T*(( 02 ) into 
(20) Kl (2S). Now, the automorphism of ^((20) K1 (20)) defined by 

7 I—> 4/(5) 070 4/(5)”^ 

depends only on the choice of and z' and it gives an isomorphism ^ K'^, where K'^ is 
the unique lifting of K^. in the theta group scheme ^((20) Kl (20)) such that a* (^((20) Kl 
(20)))^^ = ( 02 ')- Lsf 7 j be the image of 7 through the quotient map ^((20) K1 (2S)) — 
J[2] X P[2] —J[2]. We find that 

4/(5) o 7 o 4;'(5)“^ = e2,x(tt, 7 j) -7 
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If r (resp. t') is the image of r via the isomorphism K^j ^ K„ (resp. ^ K'^), one has 

t ' = \E'(5) o r o \E'(5)“^ = e2,x(tt, t ) .t 

and one hnds that if a is not in r-*-, Sr,z and Sr,z' don’t map P onto the same projective 
line in |20|. If a belongs to r“*“, then = K'^ and the antomorphism of indnced by 
7 I—> 'h(5) 07 o only depends on the class of a in / < r >= -P[2]. In other words, 

the morphisms 5^-, z and 5r, z' differ from the involutional translation on P corresponding to 
the class of a in P[2]. In particular, one has (jr ,-2 = ^t,z- 

3.6. Remark. Recall (Corollary 2.14) that we are able to give the homogeneous coordinates 
of the points in 5r^z{.P) C Kum^ in |20| in terms of the coefficients of the Kummer surface 
(see the equation (2.4) and the chart (2.5)). As 5r,z coincides with the canonical map 992 =:, 
this set is precisely the set of ramihcation points of the canonical map 9922 - Therefore, we 
are able to characterize the elliptic curves arising that way. 


4 The generalized Verschiebung V : Mx^ Mx 

4.1 Review of Theta groups in characteristic p 

The curve X is now supposed to have p-rank 2, i.e., to be an ordinary genus 2 curve. 
Because of the Remark 2.10, one knows that a general Kummer surface Kum^ in is 
associated to such a curve. 

Let Xi be the p-twist of X. Denote by i the semi-/c-linear isomorphism Xi ^ X and 
by F the relative Frobenius X ^ Xi, which is radicial and flat. Notice that there is a 
canonical bijection from the set of Weierstrass points of X to the set of Weierstrass points 
of Xi. Thus, the choice of the effective theta characteristic kq for X determines an effective 
theta characteristic i*{K,o) for still denoted by kq. 

Denote by Ji the p-twist of J and let F : J —Ji (resp. i : Ji ^ J) the relative Frobenius 
(resp. the semi-Zc-linear isomorphism) which is flat. The abelian variety Ji coincides with 
the Jacobian of Xi and Kq enables us, as before, to give a symmetric representative 0i for 
the principal polarization on Ji. It is easily seen that 0i = i*Q. 

Let G denote the kernel of F : J —Ji. It is a local group scheme and as J is an 
ordinary abelian variety, G is the local part of the group scheme J\p] of p-torsion points of 
J. Denote by G the reduced part of J[p]. The relative Frobenius maps G isomorphically 
onto the kernel of the isogeny 

A = J/G J/J[p] = J 

which is separable and of degree p^ = P^, and is called the Verschiebung V. It maps a 
degree 0 line bundle Ci over Xi to the degree 0 line bundle F*(i over X. Note that both 
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composites 


are multiplication by p. 


V 


V 


J —> Ji —> J and Ji —J —Ji 


The finite group Ji\p] is self-dual and consequently, we have the Gopel system 

Ji[p] ^ G X G = (Z/pZ)^ X {ppY 

Consider the line bundle (p0i) over Ji. Its automorphism group ^((p0i)) which can be 
obtained as a central extension 

1 ^ ^ ^((p0i)) ^ Ji[p] 0 

and (p0i) is no longer of separable type. Nevertheless, [Sek] proves that the main resnlts 
abont theta gronps (recalled in Theorems 2.2 and 2.3) extend to line bnndles of non- 
separable type. We gather some useful results given in [LPl] in the 

Lemma 4.1 (1) There are the three isomorphisms (p0i) = W(0), (p0) = F*(0i) and 

(0i)^T(0). 

(2) The restrictions of to both G and G are canonically split. Therefore, the 

decomposition J[p] = GxGis symplectic (with respect to Cp). 

(3) There exists a basis {Xg]g^c of H^{J,{pQ)), unique up to a multiplicative scalar, 
which satisfies the following relations 

a.Xg = Xa+g a.Xg = ep{a, g)Xg \/a, g E G, a E G 

(4) For any g E G, there is a unique Yg in W^(Ji,(p0i)) such that X^ = F*Yg. The 

family {Yg}g(zc is a basis of (p0i)) that corresponds to the basis {Xg}g^G via i* : 

//“(j,(pe))^//“(Ji,(pe,)). 

Sketch of Proof (Complete proofs can be found in [LPl]) : One needs to define a splitting 

G^g{{pe,)) 

for the central extension above. Because G is reduced, it is enough to find it at the level 
of /c-point and becanse k* is divisible, this can be worked ont. Fnrthermore, becanse the 
skew-symmetric form 

Op : Ji[p] X Ji\p] Gm 

(associated to the commutator in ^((p0i))) takes its value in pp, this splitting is unique 
(another one wonld differ from the first one by a morphism G ^ Pp and Pp{k) = {!}). 
Therefore, the analog of Theorem 2.3.(1) in the non separable case assnres the existence 
and the nniqneness of a line bnndle M over J snch that (p0i) = V*M. 

One can show that M defines a principal polarization and that the isomorphism 

V*F*{Qi) = {p'^Qi) ^ V*M^P 
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obtained in taking p-powers commntes with the action of G, hence descends onto an iso¬ 
morphism 

F*(0i) ^ 

Fnrthermore, if D is the nniqne effective divisor on J snch that L = (D), on has, set- 
theoretically, 

r-‘(Supp(£>))= |Jr;(Supp(e,)) 

geG 

Because 0i is symmetric, V^“^(Supp(Zi))) is symmetric and hnally M is a symmetric repre¬ 
sentative for the principal polarization on J. Thus, the difference between M and (0) lies 
in J[p]n J[2] = {0} and M = (0). The third isomorphism announced by (1) is tautological 
(see our dehnition of 0i). 

(2) is the Lemma 2.3 of [LPl]. 

(3) can be obtained in a very similar way as in the construction of the basis {X,} in Section 

2 .2, taking of the fact that the invertible sheaf (p0) is of non separable type. 

(4) Each vector is invariant under the action of G hence of the form F*Yg with Yg in 

(p0i)). Since k is divisible, the family {Yg} is free, hence a basis. □ 

4.2. Remark. These results remain true, mutatis mutandis, for any ordinary principally 
polarized abelian variety (see [LPl]). 


4.2 Extending Verschiebung to |20i 


Let El be a semi-stable bundle with trivial determinant over Xi. Then, F*Ei is a rank 
2 vector bundle with trivial determinant over X, which may not be semi-stable since the 
pull-back by Frobenius destabilizes some vector bundles ([R]). Nevertheless, F induces a 
rational map V : Mx^ --■> Mx- If Ei is the non stable bundle j © j~^, its pull-back 
F*j © {F*j)~^ is semi-stable but non stable and we hnd that the following diagram is 
commutative 


Ji 


V 


J 


bi 

Mx, 


V 


b 


Mx 


(4.1) 


It is a diagram of J[2]-equivariant morphisms in the following sense : On the one hand, be¬ 
cause p is odd, [p] induces identity on J[2]. Therefore, F : J[2] Ji[2] and V : Ji[2] J[2] 

are isomorphisms, inverse one to each other. Thus, one can dehne an action of J[2] on 
both Ji and Mx,, compatible with the maps involved in the diagram. 

In particular, the indeterminacy locus of V does not meet the Kummer surface. Thus, it 
is a hnite set X and we let U be the Zariski open subset Mx, \ X. 


Let (Ai) be the determinant line bundle over Mx,. It has been shown ([LP2]) that 
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Proposition 4.3 There is an isomorphism l^*((A)) = ((Ai)®^)|f/. 

Because X is a finite set, they obtain that the rational map V is given by degree p polyno¬ 
mials. ^ 

Using the Proposition 2.6, one obtains a rational map V : |20i|* |20|* and the 

vertical arrows in (4.1) become the canonical maps (p 2 ei and (p 2 e- Thus, the pull-back by 
the Verschiebung V* : H^{J, (20)) —(2p0i)) factors as the composite 

H%J, (20)) ^ SymPiP°(Ji, (20i)) ^ H%J,, {2pQ,)) (4.2) 

where the last arrow is the canonical evalnation map. 

Recall (Section 2.2) that we have chosen a theta strnctnre H ^4 ^((20)) and that 
W := H^{J, (20)) is the unique (up to isomorphism) irreducible representation of TC (of 
weight 1). We let Wi denote the vector space 

Wi := H\J,, (200) 

It is, analogously, the unique irreducible representation of the Theta group ^((20i)). 


Lemma 4.4 (1) One can endow Sym^lUi and (2p0i)) with an action (of weight 

p) o/^((20O). 

(2) The evaluation map Sym^ lUi —(2p0i)) is Q{{2Qi))-equivariant for these 
actions. 


Proof : (1) The homomorphism 

£p:^((20O)-^((2p0i)) 

that maps an isomorphism 7 ; (2 0 i) —X ^(2 0 i) to the isomorphism 

7®":(2p0i)^X;(2p0i) 


fits into the commntative diagram 


0 —Gm 
p-power 
0 —>■ Gm 


^(( 20 i)) 

Sp 

^((2p0i)) 


■h 


2 ] 


0 


inclusion 

Ji[2p] — 0 


It gives the action of ^((20i)) onto i7°(Ji, (2p0i)). The other case is straightforward. 

(2) The evalnation map lUi ® Xi ( 20 i) is of conrse ^(( 20 i))-eqnivariant and taking 
its p-symmetric power, one obtains, at the level of global sections, the canonical map 
Sym^kUi —( 2 p 0 i)), which is still ^(( 20 i))-equivariant for the induced actions on 
both spaces. These are the ones of (1), hence the lemma. □ 
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Lemma 4.5 (1) There is an homomorphism of theta groups TL —> Q{{2Qi)) (of weight p). 
Therefore, TL has an action of weight p^ on Sym^ Wi. 

(2) The map V* : W ^ Sym^lL"i is injective and TL-equivariant, up to a multiplicative 
scalar. 

Proof : (1) On the one hand, the isomorphism of sheaves V^*(20) = (2p0i) induces (by 
pull-back) a homomorphism V* : TL ^ Q{{2pQi) (of weight 1). On the other hand, for 
any 7 : ( 2 p 0 i) ^ Tf{2pQi), there is a unique isomorphism p : ( 20 i) ^ T*^{2Qi) such 
that the following diagram commutes 


(2p^eo -——- r,-(2p"e,) 

I I 

|p].(2e,) —|p]*T;,(2e,) 


where the vertical isomorphisms come from the fact that ( 20 i) is a symmetric line bundle. 
We let rjp : ^((2p0i)) ^ ^((2 0i)) be the homomorphism that maps 7 to p. It fits into 
the commutative diagram of central extensions 


0 —> 
p-power 

0 ^ G. 


^(( 2 p 0 i)) 




hp 


m 

^((200) — 

-- Ji 


Ji[2p] - 
\P] 
2 ]- 


0 

0 


Now, we consider the composite homomorphism 


TL ^ g{{2pe,)) ^ g{{2Q,)) 


It has weight p. Using the latter and the natural action (of weight p) of ^((20i)) on 
Sym^ lUi, one obtains an action of weight of TL on Sym^ lUi. 

(2) Let 

gii2pQi))2 

be the maximal subgroup of ^(( 2 p 0 i)) lying above Ji[ 2 ], viewed as a sub-group of Ji[ 2 p]. 
It is obviously the image of the homomorphism Ep and since \p ] acts trivially on Ji [2], pp 
restricts to an homomorphism 


^((2p0i))2 ^^((20i)) 


with kernel Pp. The composite homomorphism Ep o pp fits into the commutative diagram 
of central extensions 


0 —Gm 
p^-power 
0 —Gm 


6 ^(( 2 p 0 i ))2 

Ep O 7 ]p 

g{{2pQi))2 


Ji[ 2 ] —- 0 

Id 

Ji[2]-- 0 
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Now, since V*{l-C) C Q{{2pQi))2, the map V* : W ^ {2p&i)) is 7i-equivariant (up 

to a multiplicative scalar) when one endows ( 2 p 0 i)) with the action H induced 

by the composite Ep o pp o V*. As this map is non-zero, it is injective and the map V* is 
injective as well. The^evaluation map must induce an isomorphism between the image of 
V* and the image of V*, that is Ti-equivariant (Lemma 4.5) and V* is Ti-equivariant (up 
to a multiplicative scalar) as well. □ 

4.6. Remark. The reason why V* is not Ti-equivariant is that the action of H on the spaces 
W and Sym^lTi do not have the same weight, in contradiction with the fc-linearity of V*. 
This obstruction vanishes when one considers the induced action of the subgroup H 
(resp. if C Ti) on both spaces. 

4.7. Remark. One notices that taking p = i*p : (20i) —T^^(20i) makes the following 
diagram commutative 


{V* -i)®P 

(2p^0i) - ► T:,(2/0 i) 

I I 

[p]*(20i) -[p]X\(20i) 

Namely, one has, using the fact that is the p-power, that 

[p]*T 7 = V*{F*i*)p = 

Therefore, the homomorphism Pp o V* (of weight p) coincides with the homomorphism 
i* -.Ti ^ ^(( 20 i)) induced by the pull-back by the quasi-isomorphism i*. 

4.8. Remark. Using the map pp o V*, one hnds that, for any two elements a and /3 in 
J[2], e 2 (T(Q;), F{P)) = 62 ( 0 ;, /3)^. Because J[2] is reduced and because 62 takes its values 
in /r 2 ,we hud that F (hence V) is a symplectic isomorphism. This implies that the Gopel 
system J[2] = H x H determines a Gopel system Ji[2] = H x H, that a theta struc¬ 
ture H 2A ^(20) determines a theta structure Hi ^(20i) (where Hi := H 
and that the basis {Xa}aeH determines a basis compatible in the sense that 

Ya^ = i*Xv{ai)- 


Proposition 4.9 Let X be a smooth and proper ordinary curve of genus 2 over an al¬ 
gebraically closed field of characteristic p > 3. Then, the generalized Verschiebung V : 
Mxi Mx is completely determined by an irreducible sub-representation of the ^(( 20 )) 
in Sym^i7°(Ji, ( 20 i))* (isomorphic to H^{J, ( 20 ))* as a vector space). 

Proof : As previously, we identify the space W (resp. fUi) with its dual W* (resp. fUi) 
by means of the isomorphism of the Lemma 2.4, and we let {x,} (resp. {p,}) be the basis 
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of W* (resp. Wi ) dual to {X,} (resp. {y,}) constructed in the Section 2.2 (resp. in the 
Remark 4.8). Denote hy Vi {i = 00, 01, 10 and 11) the degree p homogeneons polynomials 
(see the Proposition 4.3 above, due to [LP2]) such that the rational map V : |20i| ---> |20| 
corresponding to V is given by 

V: 120,1 1201 , , 

(v.) ^ my)) ' 

Using the Lemma 4.5 and the Remark 4.6, we hnd that Vqo is invariant under the action 
of the snbgronp H of Ti. It coincides therefore, np to a mnltiplicative scalar, with V (xqo) 
and npon normalizing snitably Vqo, one can snppose that 

V*{xoo) = Uoo 

By constrnction again, V* is Lf-eqnivariant thns one obtains V) (for i = 01, 10, 11) as the 
transform of Vqo under the action of the nniqne element of H that maps Xqo to Xi. □ 


4.3 Prym varieties and Probenius 

Let r be a non zero element of J[2] and let vr : X —X be the corresponding etale donble 
cover. The base change indnced by the Frobenins morphism on the base held gives an etale 
donble cover tti : Xi —Xi corresponding to a non zero Ti of J[2] which is the image of 
r under the isomorphism J[2] —Ji[2] dehned earlier. The following lemma is well-known 
(see [SGAl]) : 

Lemma 4.10 If F is the relative Frobenius, the following diagram 



is cartesian. 

Proof : The diagram is certainly commutative, because of Frobenius functoriality, thus 
there is a unique h : X —Xi x^i X that makes the following diagram commntative 



I VTl 
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As TT and tti are etale and proper, we find that pr 2 , hence h, are etale and proper as well, 
hence a finite etale covering. Now, F being radicial, h is radicial as well and therefore, an 
isomorphism. □ 

As above, write Ji for the Jacobian variety of Xi. It coincides with the p-twist of J 
and we can define the relative Frobenins and the Verschiebnng. Denote again by ©i the 
Theta divisor obtained as the pnll-back of the canonical Theta divisor on Ji ^ by means of 
the Theta characteristic 7rj[‘(Ko) (where Kq has to be nnderstood here as the effective Theta 
characteristic of Xi we have constructed). 

Lemma 4.11 The morphisms n* : J ^ J and Nm : J ^ J commute with V. In other 
words, the two following diagrams are commutative 



Proof : The commutation of the left-hand diagram is a straightforward consequence of the 
commutation of the diagram in the Lemma 4.10. For the right-hand one, one takes an 
element j G Ji and sees, using the Lemma 4.10 again, that F*(7r*j) = n^{F*j). Thus, 
using (3.1), one can write that 

Nm(l^(j)) = det(F*j) ® r = F*(det(7r* j)) ® r 

= F*(det(7r* j) 0 Ti) = l^(Nm(j)) □ 


Proposition 4.12 The following diagram 


Jx P 


a 


F X F| 

Ji X Pi 


0-1 


J 

V 

Ji 


is commutative. ^ 

Furthermore, a induces an isomorphism J\p] x P[p] — J[p]- In particular, if J is an 
ordinary abelian variety, then J is ordinary if and only if P is ordinary. 


Proof : Because of the right-hand diagram in the previous lemma, the Prym variety 

Pi ;= ker(Nm)‘^ C Ji 


coincides with the p-twist of P ;= ker(Nm)° C J and it is mapped by V onto P. Further¬ 
more, the restriction V\p^ : Pi —P being the pull-back of particular line bundles over Xi 
by the relative Frobenins, it coincides with the Verschiebnng V : Pi —P for P. Therefore, 
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the commutation of the diagram in the proposition follows from the left-hand commutative 
diagram in the lemma and from the fact that 1/ is a homomorphism. 

One knows that kern C J[2] x P[2] and, as A[p] fl A[2] = {0} for any abelian variety, we 
have the isomorphism announced. Recalling that X was supposed to be ordinary, the last 
assertion follows from the induced isomorphism 

J \p ] red X P [p ] red ^ J [p ] red 

on the reduced parts of these group schemes. □ 


The following result enables us to apply the rsults gathered in the Lemma 4.1 to both 
J and P for any sufficiently general curve X. 

Proposition 4.13 (B. Zhang) Let X be a general, proper and smooth eonneeted eurve 
over an algebraieally elosed field of eharaeteristie p and let f : Y X be an etale eover 
with abelian Galois group G. Then Y is ordinary. 

Proof : [Zh] 


Let us investigate a bit further in the relationship between P and Pi. Choose an 
element z in Sr = {z E J\ = r} C J[4]. In particular, it determines the image of the 
map 6r,z ■ P —^ |20|, namely, one of the two r-invariant projective line in |20|. 

As [p] : J —> J induces [—1]“ on J[4], P and V induce isomorphisms between J[4] and 
Ji[4], and we let Zi be the isomorphic image of x via P. Thus, F*Zi = V{zi) = (—1)~ x 
and as 

^*((7ri)*(?i) ® zi) = 7r*(P*(gi)) ® F*zi 

for any qi of Pi (Lemma 4.10), one sees (Lemma 3.4 and Remark 3.5) that the following 
diagram commutes 


F| 


Let S (resp. Si) be a symmetric representative for the principal polarization of P (resp. 
Pi). Upon choosing S and Si suitably, one can ask that (pSi) = U*(S) (Lemma 4.1). Let 
(p 2 H (resp. <P 2 e:i) be the canonical map 

P ^ PP°(P, (2S))* (resp. Pi PP°(Pi, (2Si))*) 

Because V commutes with [—1], it induces a map V such that the following diagram 
commutes 


Mx 

+ 


V 


M 




(4.4) 
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Pi 

<^2Si 


V 


p 


PffO(Pi, (2Si)) -- PP0(P, (2S)) 

In other words, V* : H^{P, (2S)) —P°(Pi, (2pSi)) factors as the composite 

P°(P, (2S)) ^ Sym^>pO(Pi, (2Si)) ^ {2pE,)) (4.5) 

Let r (resp ri) be the lifting of r (resp. ti) in H (resp. Hi) corresponding to onr choice 
of 2 : in Sr (resp. to zi = F{z) in Pn)- Consider the basis {Aq, Ai} of constructed 
in the Proposition 2.12 and construct the basis {Pq, Pi} of H^{P, (2S)) by means of the 
isomorphism y, as it is done in the proof of the Proposition 3.3. Upon normalizing Xi 
suitably, the two bases 

aS")} (of lUf^) and {P^'^ pS"^} (of P°(Pi, (2Si))) 

obtained via i* correspond one to the other via xi- 

Now, let Qo, Qi be the degree p homogeneous polynomials such that 

c*(r.) = g.(r(^)) (4.6) 


These polynomials depend only on the elliptic curve P, hence on r, and can be explicitly 
computed (see Section 5). The diagram 4.4, together with the Proposition 3.3.(2), gives 
the following commutative diagram 


PP0(P, (2S)) --- PIU^ C 1201 

g b 

PpO(Pi, (2Si)) --- PfUfi C |20i 


Therefore, there corresponds to U a morphism PfU^^ —PIU’' still denoted by V and letting 
{A,} (resp. {aI^^}) be the basis of (bU^)* (resp. (W{^)*), dual to the basis {A,} (resp. 
{aI^^}, obtained thanks to the Lemma 2.4, one has U(Aj) = for i = 0, 1. 


4.4 Determining the equations of the Verschiebung 

Proposition 4.14 Let Aq be the image of xoo via W* {W^)*. Via the eanonieal surjee- 

tion 

SjmPWf Sym?’(lUfg* 

the element Too of Sym^ Wf (defined at (4-3)) maps to 

U*(Ao) =go(Ai^)) 

(where Qq is the polynomial defined at (4-6))- 
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Proof : Let Kyxv '■= '^i[p]red X -Pi[p]red denote the kernel ofV xV and let / : Ji x Pi —J 
be the diagonal map a o (f/ x 1/) = o ai in the diagram of the Proposition 4.12. Its 
kernel is isomorphic to x Kyxv and we let 

g{{2pQi) S (2pSi)) 

be the nniqne level strnctnre snch that 

/,((2p0i)S(2pSi))^/ = (0,) 

Let So (resp. si) be the unique (up to scalar) non zero section of (0z) (resp. (0zi). Upon 
normalizing suitably Si, one has 


or, equivalently, Si = i*(so) (see Remark 4.7 for an analogous fact). The morphism Sr,z 
(resp. (5 ti,2i) is dehned by a*(so) (resp. (j*(si)) (see Proposition 3.3). 

The pull-back /*(so) has to be the unique non zero section (up to scalar) of 

P°(Ji, (2p0i))®P°(Pi, (2pSi)) 

invariant under the action of Kf and it induces an arrow 

P°(Ji, (2p0i))*^P°(Pi, (2pSi)) 

Now, insert this map in the following diagram 

P°(J, (20))* -- Sym^> (P0(ji, (20i)))* -^ pO(Ji, (2p0i))* 

(P0(J, (20))")* Sym^’ (20i))"i)* 

I I 

H\P, (2S)) -- Sym^’pO(Pi, (2Si)) -^ pO(Pi, (2pSi)) 


where 

• the top line is the factorization (4.2) of V* : P°(J, (20))* ^ P°(Ji, (2p0i))* 

• the bottom line is the factorization (4.5) of V* : H^{J, (2S)) —(2pSi))) 

• the isomorphisms are deduced from y and Xi (see Proposition 3.3) 
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• the surjections are deduced from the canonical restriction maps. 

It is enough to show that the left-hand square is commutative. Note that the composite 
map in the left-hand column is the one induced by ct*(so). Therefore, the big square is 
commutative for /*(so) = (1^ x 1 /)*((T*(so)). Note as well that the composite map in the 
middle column is the one induced by by taking symmetric p-powers. Because 

X l^)*(a*(5o)) = riso) 

the right-hand square commutes as well. The following lemma ends the proof. □ 


Lemma 4.15 The evaluation map Sym^if°(Pi, (2Si)) —^ (2pSi)) is injeetive. 

Proof : On the one hand, as the evaluation map (2Si)) 0 (2Si) corresponds 

to the canonical map (p 2 Ei, the map 

SymPP°(Pi, (2Si))®p, ^(2pSi) 

corresponds to the composite 

pi ^ pp 

where Pp is the p-uple embedding. On the other hand, because (2pHi) is very ample for 
any p > 2, the map 

P°(Pi, (2pSi))Op, ^(2pSi) 

corresponds to the embedding Pi PP°(Pi, (2pSi))*. Now, the evaluation map 

Symi’P°(Pi, (2Si)) ^ P°(Pi, (2pSi)) 


induces a map 


PP°(Pi, (2pSi))* 

and the former is injective if and only if the latter is non-degenerate. But all these maps 
fit into the commutative diagram 


Pi -- PP0(P1, (2pSi))* 


pi-^ pp 

and the required injectivity comes from the fact that the image of the p-uple embedding 
is non-degenerate. □ 

This enables us to state the main result of this paper : 
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Theorem 4.16 Let X be a smooth, proper, curve of genus 2, sufficiently general, over 
an algebraically closed field of characteristic p = 3, 5 or 7. The generalized Verschiebung 
V : Mxi Mx is completely determined by its restriction to the projective lines that are 
invariant under the action of a non zero element of J[2]. 

Corollary 4.17 For p = 3, 5, 7, one can compute the homogeneous degree p polynomials 
Vi (i = 00 , 01 , 10 and 11) such that 

V: |20i| —^ |20| 

hi ^ Vi(y) 


4.4.1 Proof of the Theorem 4.16 : A digression in combinatorial algebra. 

Using Remark 3.5 and Lemma 4.5, we find that the direct snm Sym^ (lUj^^)*©Sym^ 

(which depends only on the choice of r) is endowed with an action of TL (of weight p^) and 
the canonical map Sym^fU^* —Sym^ © Sym^ is equivariant for the action 

of TL on both spaces. Taking all order 2 elements of J[2] together, we find a morphism of 
7-f-representations 

Rp : SymP fU* ^ BG := 0 Sym^ {Wf^)* © Sym^ 

tG J[2]\{0} 

Because of the Proposition 4.14, one knows the image of the irreducible sub-representation 
W* C Sym^fUj" that determines V (see Proposition 4.9) in BG and one can ask whether 
or not these data allow us to determine completely this sub-representation. 

A necessary condition is that the above map Rp is injective. It cannot be the case for 
large p since 

dim (SymPfU;) = ^ 3 ^ 

and 

dim BG = 30(p + 1) 

More precisely, it cannot be injective for any prime p > 7. 


pO 


for large p 


As the map Rp is 7i-equivariant, it is injective if and only if its restriction to the 
subspace (Sym^kUj^)^ is. One has the 

Lemma 4.18 The reunion of the two families 


r 

- 

2 ] 

0 

0 

Ylvl' 

J&H 

, wtth I/I = 2 j 


and 


B{p) = I Bf = ymyiovii 


n 2 


U&H 


h 


, with I/I = 


p — 3 


35 



(where f is, in both cases, a multi-index {foo, foi: fio-, fii) with \ f\ = fi) is a basis for 
the space (Sym^ 

In particular, there are scalars af and bf such that 

K)o = ^*(a^oo) = ^ ®/^/+ ^[Bf_ (4-8) 

1 / 1 =^ 1 / 1 =^ 


Proof : The subspace (Sym^bP^*)^ is generated by the free family of monomials 

with coi + cio = eoi + en = cio + cn = 0 (mod. 2) and we can divide it into the two 

families of the lemma. □ 

Let r = (yX, X*) be an non zero element of J[2] and r = (p, x, x*) with p = 1 if x* (x) = 1 
and jj, = i li x*{x) = —1. We will use the basis {Ao(r), Ai(r)} (resp. {Ao(r), Ai(r)}) of 
(resp. W~'^) constructed in the Proposition 2.12. Taking account of the fact that we 
are working over the p-twist Ji of J, one can give the images of the y, via the restriction 
maps 

W( {Wl^Y (resp. W( 

for every r, in terms of the Ai^^(ri) (resp. the Ai^^(ri)) and one can then deduce the images 
of the Af and the 5/ in 


SymP(Wj"i)* (resp. Sym^* (Wf"i)*) 


For sake of readability, we shall write A, (resp. A.) instead of Ai^^(ri) (resp. Al^^(ri)). 

If a; = 00, the Af map to 0 in Sym^ l/oo maps to 0 in i the Bf 

map to 0 in both Sym^ {WY)* and Sym^ least one of the three poi, Uw and 

Pii maps to 0 in the corresponding space {W^Y or {WY^^Y■ the following chart, we 
have gathered the images of the Af in Sym^ {WYY■ 


T 


0001 

A^/oo+iy /10 = Oelse. 

0010 

A^/oo+iA/oi ^ = 0, 0 else. 

0011 

A^/oo+iA/ii if ^ = 0, 0 else. 


If a; 7 ^ 00, upon identifying A, and A,, the Af (resp. the Bf) have the same images in 
both Sym^(bF]^^)* and Sym^ (bF]“'^^)*. Straightforward calculations give the results gath¬ 
ered in the following chart (4.10) on the next page. 
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Now, write an element of under the form 

^ a/Aj+ ^ 

1 / 1 =^ 1 / 1 =^ 

and suppose that it is in the kernel of -Rp. 

Because of the computations summed up in (4.9), one has a/ = 0 as soon as two of the 
/oi, /lo, fii are zero. 


T 


Bi 

0100 

\ l+2(/oO+/oi) \2(/l0+/ll) 

Ag A^ 

\ l+2(/oO+/oi) \ 2(/l0+/ll+l) 

Aq A^ 

0101 

^ _][^/oi+/ii yl+2(/oo+/oi)^2(/io+/ii) 

^ _]^^l+/oi+/ii yl+2(/oo+/oi)^2(/io+/ii+l) 

0110 

\ l+2(/oo+/oi) \2(/io+/ll) 

Aq Ai 

\ l+2(/oo+/oi) \ 2(/io+/ll+l) 

Aq Ai 

0111 

^_]^^/oi+/iiyl+ 2 (/oo+/oi) j^ 2 (/io+/ii) 

^ _]_^/oi+/ii yl+2(/oo+/oi)^2(/io+/ii+l) 

1000 

\ l+2(/oo+/io) \2(/oi+/ll) 

Ag A^ 

\ l+2(/oo+/io) \ 2(/oi+/ll+l) 

Aq A^ 

1001 

\ l+2(/oo+/io) \2(/oi+/ll) 

Ag A^ 

\ l+2(/oO+/lo) \2(/oi+/ll + l) 

Ag A^ 

1010 

^ ^ /io+/i 1 y l+2(/oo+/io ) j^2(/oi +/i 1) 

^ _]^^l+/io+/ii yl+2(/oo+/io)^2(/oi+/ii+l) 

1011 

^_]^^/io+/iiyl+ 2 (/oo+/io) j^ 2 (/oi+/ii) 

^ _]^^/io+/ii yl+2(/oo+/io)^2(/oi+/ii+l) 

1100 

\ l+2(/oo+/ii) \2(/oi+/io) 

Aq A^ 

\ l+2(/oo+/ii) \ 2(/oi+/io+l) 

Aq A^ 

1101 

^ _]^^/io+/ii yl+2(/oo+/ii)^2(/oi+/io) 

^ _]_^/io+/ii yl+2(/oo+/ii)^2(/oi+/io+l) 

1110 

^_]^^/io+/iiyl+ 2 (/oo+/ii) j^ 2 (/oi+/io) 

^ _]^^l+/io+/ii yl+2(/oo+/ii)^2(/oi+/io+l) 

nil 

\l+2(/oo+/ii) \2(/oi+/io) 

Aq Ai 

\ l+2(/oo+/ii) \ 2(/oi+/io+l) 

Aq Ai 


Because of the computations summed up in the chart (4.10) above, one finds that, for any 

p — 1 


0<k< 


2 ’ 


a/ = 0; «/ = 0 

/oo+/oi=fc and foi+fii even foo+foi=k and /01+/11 odd 

^ «/ = o; «/ = o 

/oo+/io=fc and /10+/11 even foo+.fio=k and /10+/11 odd 

a/ = 0; ®/ = 0 

/oo+/ll=fc and /10+/11 even foo+fll=k and /10+/11 odd 

p _ 2 

and we have analogous results for the 6/ (with 0 < /c < —-—). 
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Thus, we have reduced our problem to the following combinatorial situation : Being 
given a set of scalars af, where the / are four-letters multi-index / with |/| = r, satisfying 
the 6(r -|- 1) relations stated above, are these scalars meant to be zero ? If they are for 


p _ 2 p _ X 

r = —-— but are not for r = —-—, does the indetermination only concern the a/ for 

which two of the foi, fio, fn are zero (the indetermination would therefore vanish because 
of the additional data deduced from (4.9)) ? 


In fact, the first question has a positive answer for r = 0, 1, 2, 3 (we leave the proof of 
this assertion to the reader) and the theorem follows. 


5 Computing the equations of V2 for small p 
5.1 Multiplication by p on an elliptic curve 

Let k be an algebraically closed field of characteristic p > 3 and let {E, go) be an elliptic 
curve. 

Let us recall briefly how the group law of E can be recovered from the geometry of 
the curve (see, e.g., [Sil] for further references on that question). The sheaf (go) gives a 
principal polarization thus (3go) is very ample and determines an embedding E 
Three points gi, g 2 and on the curve lie on the same projective line in if and only 
if (gi + q 2 + gs) = (3go). On the other hand, any projective line in intersects with E 
in three points (counted with multiplicities). It is easily seen that E is isomorphic to its 
Jacobian variety by means of g i—(g — go) and the group law on the latter gives the group 
law on the former. Namely, one sets gi + g 2 = —gs, where q^ is the unique point in E such 
that (gi + g 2 + gs) — (3go). 

The projection P^ —P^ from the point go induces the canonical map i? —P^, which is 
a ramified double cover, and the choice of a suitable rational coordinate x on the projective 
line allows us to give a birational model 

= x{x — l)(a; — jj) 

of E, with fi different from 0 and 1. 

One can determine explicitly the group law over E in intersecting this plane curve with 
lines. Namely, one has the following duplication and addition formulae found in [Sil] (III, 
§2). For convenience, we let P be the polynomial x{x — l)(a; — p) and we let P' be its 
derivative. 

Duplication formula : Let gi be a /c-point on the curve with coordinates (xi, yi) and 
let g 2 , with coordinates {x 2 , 1 / 2 ), be [2] (gi). The opposite of the latter is the unique point 
of E (different from gi) lying on the tangent line to E at the point gi. This tangent line 
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has equation y = ax -\- (3 with 


P\xi) _ "ixl - 2{y, + l)xi + y ^ _2P{xi) - XiP\Xi) _ xi{y - x\) 

-- ciriQ P — -T- — -T- 

2|/i 2yi 2yi 2yi 


Thus, one has 


r 


X-2 

< 

. ^2 


+ 1) - 2.1 ^ 
1 (x; - 

4:Xi{xi - l)(a;i - y) 

-{ax2 + /3) 


(5.1) 


Addition formula : Let qi and q 2 be two /c-points on the curve with coordinates {xi, yi) 
{i = 1, 2) and let gs, with coordinates (xa, r/ 3 ), be the snm qi +q 2 - Snppose that qi 7 ^ ±^ 2 , 
i.e., that Xi ^ X 2 . The nniqne line passing throngh qi and q 2 has eqnation 


, ^ 1/2 - yi J ^ yiX2 - y2Xi 

y = ax + fj with a = - and p = 


X2 - Xi 


X2 - Xi 


Thns, the third intersection point of that line and the plane cnrve being —(gi +^ 2 ), Qs has 
coordinates 


X 3 = + (/i + 1) - {xi + X 2 ) 

— -+ (/i + 1) — {xi + X 2 ) 

X2 -XiJ 

ys = -{ax3 + p) 


(5.2) 


Combining these two formulae, we are theoretically able to give the coordinates {xn, yn) 
of the point = [n](gi), in terms of Xi and r/i, at least for a general point gi. Note that 
two opposite points of E collapse in i.e., that the canonical i? —is a qnotient nnder 
the action of {±} and that the branched points 0 , 1 , 00 and y of that map are precisely 
the order 2 points of E. As the action of {±} commutes with multiplication by p, the 
latter induces a map P^ —P^. It has total degree p^ and separable degree p. Hence, if 
we let be l/x, so that {x, z} is a basis for H^{E, (2go)) = iL°(P^, ( 1 )), one can find two 
homogeneons polynomials of degree p (say D and N) snch that the map indnced by [p ] on 
P^ is given by 


pi ^ pi 

{x: z) ^ {N{xP, zP) : D{xP, z^)) 

If El is the p-twist of E, the map P^ —P\ indnced by the separable part V : Ei ^ E of 
mnltiplication by p, is therefore given by 

^x(p) ; z^P'^) ^ {N{x^P\ z^P^) : D{x^P\ z^p^)) (5.3) 
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where and are the j9-twisted coordinates of corresponding to x and respectively. 


Division Polynomials : In the case p > 5, [Sil] gives, as an exercise (Ex. 3.7.), the 
following formulae, that are more convenient to implement when trying to determine the 
polynomials N and D using a computer. Take an elliptic curve 

= x'^ + Ax' + B (5.4) 

Define ijjm in B, x', y'] inductively by : 

'^1 = 1 , 

^2 = 2y', 

'ijjz = 3a;'^ + QAx'"^ + 125a;' — . 

' r/>4 = 4r/'(a;'6 + 5Ta;'^ + 205a;'3-5TV2-4T5a;'-852-yl3), 

^2m+l = (^ > 2) 

^ 2y''lp2m = ^m(^m+2^m-l “ t/’m-2t^m+l) {m > 2). 

Define furthermore 


(t)m = (5.6) 

Then, using the equation (5.4), one checks that, for m odd, the polynomials (pm and -ipm 
(of degree and — 1 respectively) lie in fact in Z[A, B, x'], and that the map P^ —P^ 
induced by [p] is given by 


pi ^ pi 

{x : z) I—> [z''^'^ <pp{x! j z!) ■. z'^^'iljp{x'/ z')^ 

where z' is the rational coordinate of P^ defined by z' = 1/a;'. We let N' (resp. D') 
be the homogeneous degree p polynomial such that iV'(a;'^, z'^) = z'^ ^p{x'/z'^ (resp. 
D'{x'^, z'P) = z'p'^ (f)p{x'/z')). As above, the map P^ —P^ induced by 17 : 5i —5 is 
therefore given by 


pi ^ pi 

(a;'(D . ^ {N'{x'^P\ z'^P^) : D'{x'^p\ z'^p^)) 

where x'^p'^ and z'^p'^ are the p-twisted coordinates of P^ corresponding to x' and z' respec¬ 
tively. 

One finds a coordinates change transforming the elliptic curve = a;(a; — l)(a; — p) in 
the (isomorphic) elliptic curve p'^ = a;'^ + Aa; + B, e.g., 

/ p + 1 , 

X = X --—; 2 , 2 ; = 2 :, 

o 
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and the scalars A and B are therefore 


^ — fi +I ^ _ (/i + 1)^ — 3(/i^ + 1) 

“ 3 ’ “ 27 

Finally, one obtains the polynomials N and D defined in (5.3) as follows : 

N{x^P\ = N' ^ ^ — D' ^ ^ z^^\ z^P^ 

D(xZK Z’‘>) = D' (iW - fi w. Z^r) 


(5.7) 


Using the Proposition 2.12, the Corollary 2.13 and the Lemma 3.4, we find that there 
is a unique linear automorphism of i.e., an element of PGL{k, 2), which maps (a : b) 
to 0, (a : —b) to 1 and and (6 : a) to oo. It maps (6 : —a) to (/i : 1) with 

fb^ + a^Y 2 -u;{t) 

\ 2ab ) ~ 4 

If X and are the corresponding rational coordinates of P\ one has 

1 1 -2a ^ 2b ^ 

X — -Ao + 7A1, 2; — 2 I 1.2 "^0 ^-2 I 

a b + b^ 

and the elliptic curve P has equation = x{x — l){x — y). 


If we let Ag^^ and A|^^^ be the p-twisted coordinates of P^ corresponding to Aq and Ai, 
and if we denote by Qo and Qi the homogeneous polynomials of degree p such that the 
map P^ —P^ induced by U : Ui —U is given by 

(Al”’ : A“) « (Q„(A<'’', A'"') : Q.(A“, A?')) 
then one has, writing A, instead of for sake of readability 


Qo(Ao, Ai) — 


2ba 
2 + 62 


N 


_1a 1a 

+ ^'^1’ ((^2 jj 2 y 

1 , 1 , -2aP 


Aq + 


2bP 




aP 


An + 


'a2 + 62)p 

2bP 

■Ai 


Ai 


bP ’ (a2 + 62)P (a2 + b‘^)p 


(5.8) 


5.1. Remark. Note that we are only interested in Qo, onto which Vqo restricts. Further¬ 
more, Qi can be obtained from Qo under the action of a suitable element of ^*[2]. 


5.2. Remark. The final result Qo should not depend on a and b but only on the constant 


+ b^ 


ca T = 


aW 
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Lemma 5.3 With the notations given above, one has 
• p = 3. 


Qo(-^O) -^i) — -^0 ~ cuAqA^ (5.9) 

• p = 5. 

Qo ~ -^0 “1“ + 2)AgA^ + (cu^ + 2)AoA^ (5.10) 

• p = 7. 

Qo = Xl- 2u{u* - 1)A^A? + - 2)A;)At - oj{uj‘^ - l)AoA)’ (5.11) 


Proof : In the case p 
finds 


Thns, one has 


3, one computes directly using formulae (5.1) and (5.2). One 
_x\ + 2/i(/r + l)xl + + 1^x1 

((/r+l)a;? + /i2)2 


N{x, z) = x{x + /i(yU + 1 ) 2 :)^ and D{x, z) = z{{p + l)x + p^zY 


This result is consistent with the fact that, in characteristic 3, the unique supersingular 
elliptic curve has parameter p equal to —1 (see [H], Chapter IV, Example 4.23.1). A 
straightforward application of the formula (5.8) gives the formula (5.9). 

In the cases p = 5 and 7, the computations cannot be worked out by hand. We use Maple 9 
to compute the division polynomials defined in (5.5) and (5.6), then we apply the formula 

(5.7) to find 

N{x, z) = X \x^ — p{p + l){p‘^ — p + l)xz + p'^{p^ — p + 1 ) 2 :^]^ 

and 

D{x, z) = z \{p^ ~ P~\- Y — P^{p + l)^:;^] + p^zY ^ 

when p = 5 and 

N{x,z) = X [x^ + 2p{p + l){p — 2){p — 4:){p‘^ + 3p + l)x‘^z 

-\-p^{p + l)^/r — 2)(/i — 4)(/i^ + l^xz"^ + p^{p + l)(/i — 2)(/i — 4)^^] 

and 

D{x, z) = z [{p + l)(/i — 2){p — 4) + p‘^{p + l)(/r^ + l)x‘^z + p^{p^ + 3p + l)xzY + 

when p = 7. These results are consistent with the fact that, in characteristic 5 (resp. 7), 
the only supersingular elliptic curves have parameter p equal to j or —j with = 1 (resp. 
— 1, 2 or 4) (see [H], Chapter IV, Example 4.23.2 (resp. 4.23.3)). Applying the formula 

(5.8) , we obtain the formulae (5.10) and (5.11). □ 
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5.2 Equations of V for p = 3 

Let Voo be the iL-invariant element of the sub-representation determining V. It can be 
written under the form (4.8) (see Lemma 4.18) which is, for p = 3, 

®ool/oo + (^oiUooUoi + (^loUooUio + (^iiyooUu + %oil/iol/ii 

We do not need to determine the Prym varieties for every non zero r in J[2]. Doing it in 
the cases r = 0001, r = 0010, r = 0011 and r = 0100 is enough. 

We fix aoo = 1 and we obtain, using the formula (5.9) and the expression (given in the chart 
(2.5)) of the needed uj{t) in terms of the coefficients k, of the Kummer surface Kum^, the 
following : 

boo(y) = Voo + 2/i:oil/ool/oi + 2A;ior/ool/io + ‘^knyoouh + 2A;ool/oil/iol/ii 

Then, one can deduce the E {i = 01, 10, 11) by permuting suitably the coordinate func¬ 
tions y, in Voo (see Proposition 4.9). 

Notice that V) is the partial (with respect to r/j) of a quartic surface 

S + ^kooP + kioQoi -|- koiQio + kiiQii 


(with 

^ — y00 yoi + yto + i/nj ^ — yooyoiyioyii, 

Qoi = yloyh + yloyl3 Qw = yloylo + i/oWn; Qn = yloyh + yhylo-) 

isomorphic to Kum^. Thus, one recovers the second assertion of the : 

Theorem 5.4 (Laszlo-Pauly) Let X be a smooth and projeetive eurve of genus 2 over 
an algebraieally elosed filed of eharaeteristie 3. 

(1) There is an embedding a : Kum^ |20i| such that the equality of divisors in |20i| 

E“^(Kumx) = Kumxi + 2Q;(Kumx) 


holds scheme-theoretically. 

(2) The cubic equations ofV are given by the 4 partial derivatives of the quartic equation of 
the Kummer surface Q;(Kumx) ^ |20i|. In other words, V is the polar map of the surface 
a{Knm.x). 

Proof : [LP2], Theorem 6.1. 

The inverse image E“^(Kumx) can be computed explicitly in our situation as it is 
defined by the ideal generated by the pull-back V*{K) of the equation (2.1) of Kum^, 
more precisely by its image via the fc-linear homogeneous ring map of degree p 

V* : SymW* ^ SymWi* 
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In other words, a few more computations enable us to recover the hrst assertion of the 
Theorem. Namely, one knows (see the diagram 4.1) that the equation Ki of Kum^i di¬ 
vides V*{K). Let Q be the exact quotient V*{K)/Ki. Using Magma, one computes the 

dQ 

square root of Q (e.g., as the greatest common divisor of the partial derivative — and 


Q). This homogeneous polynomial furthermore coincides with K 


dy 


11 


X- 


Note by the way that the base locus X of the rational map V : |20i| —^ |20| is tauto¬ 
logically contained in the zero locus of V*{K). As V restricts to a morphism on Kum^i, 
X is contained in the zero locus oi Q = V*{K)/Ki and one checks that it is actually con¬ 
tained in the zero locus of A. In other words, X is a reduced zero dimensional sub-scheme 
of Q;(Kumx) which coincides furthermore with its singular locus. 


5.5. Remark. Notice that this theorem is true for any curve X (in particular, with no 
particular assumptions concerning its p-rank) whereas our calculations only give the result 
for a sufficiently general ordinary curve. 


5.3 Equations of V for p = 5 

Proposition 5.6 Let X be a general proper and smooth curve of genus 2 over an alge¬ 
braically closed field of characteristic 5. There are coordinates {x,} and {p,} for |20| and 
|20i| respectively such that the Rummer surface Kumx in |20| has an equation of the form 
(2.1) and .such that, if the polynomials (V,) define V : |20i| |20|, (yf) i—> (U(l/)), then 


boo = hoo + oiiool/ool/oi + oioiol/ool/io + (^woiyoohii + no2ooyooyoi + Ooiiol/ool/oil/io 
+Ooi0ll/00l/oi?/ll + ®0020l/00l/01 + ®001ll/00l/l0l/ll + ®0002l/00l/ll 
+^ool/ool/oil/iol/ii + boiyhyioyii + ^lol/oil/iol/ii + bnyoiyioyh 


with 


fliioo — ^oi(^oi + 2), flioio — ^io(^io + ®iooi — ^ii(^ii + 2), 

O 0200 = (^01 + 2 ), ^0020 = (^10 + 2 ), ^0002 = (^n + 2 ), 


aoiio = 3A;ii(A;oo-k/cn) +/i:oi^io(l - 
floioi = 3A;io(/i:oo + ^lo) + ^oi^ii(l ~ ^lo)) 
flooii = 3A;oi(^oo + ^oi) + ^io^ii(l ~ ^oi)> 
boo = 3A;oo(^oo + b) + ^oo^oi^io^ii; 

boi = koo(koi + Skiokii), bio = koo(kio + Skoiku), bn = koo(kn + Skoikio) 


where the k, are the coefficients of the equation (2.1) o/Kum^. The U (i = 01, 10, 11) 
can be deduced from Voo by a suitable permutation of the coordinate functions y,, namely 
the unique pairwise permutation that exchanges yoo and yi. 


44 



Proof : Define 


ar = uj(t){u(tY + 2) 

I3r = oj{tY + 2 


so that the formula (5.10) can be written 


Aq + a^-AgA^ + 

Using the equation (4.8) of the Lemma 4.10, normalized by the condition 02000 = I, one 
can look for Vgo under the form given in the proposition. 

Using the data (4.9) for r = 0001, one finds that the two equations 

Ag + oioioAgA^ + aoo2oAoAi 


and 


Ag + aoooiAgA^ + /^oooiAqA 


4 

1 


coincide up to a multiplicative scalar. Therefore, one obtains 


flioio — CtOOOl) 


O0020 — /^OOOl; 


Similarly, using the data (4.9) for r = 0010 and 0011 respectively, one finds 


flioio = CtOOOl) 

flllOO = ttOOlO; 
OlOOl = ttooil, 


O0020 = /^OOOl; 
fl0200 = /^OOIO, 
fl0002 = /^OOll- 


Now, using the data (4.10) for r = 0100, one finds that the the two equations 
(l+fliigg+flg 2 oo)-^o+(®ioio+® 1001 +®oiio+®oioi +^00+^01)-^0-^1 + (®oo 2 o+®ooii+®ooo 2 +^io+^ii) -^0-^1 


and 


Ag + OgiggAgA^ + /^OIOO-^O-^ 


4 

1 


coincide up to a multiplicative scalar. Therefore, one obtains 


J flioio + fliooi + floiio + floioi + ^00 + ^01 — (1 + ®iioo + flo2oo)ctoioo 

( ^0020 + ^0011 + ^0002 + bio + ^11 = (1 + flllOO + flo2oo)/5oioo 


Similarly, using the data (4.10) for r = 0101, 0110 and 0111 respectively, one finds 

J flioio ~ fliooi ~ floiio + floioi ~ ^00 + ^01 = (1 ~ fliioo + flo 2 oo)ctoioi 
( ^0020 ~ ^0011 + ^0002 — bio + bn = (1 — Onoo + O020o)/5oi01 
j Oioio + Olool + floiio + Oolol ~ boo — boi = (1 + anoo + ao2oo)ctoiio 
( ^0020 + flooil + ^0002 ~ ^10 ~ ^11 = (1 + cqioo + fl020o)/5oilO 
J flioio ~ fllOOl ~ floiio + floioi + ^00 ~ ^01 = (1 ~ flllOO + fl 020 o)ct 0111 
1 ^0020 ~ flooil + ^0002 + ^10 ~ ^11 = (1 ~ flllOO + fl020o)/5oill 
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Combining these results, one can express the a, as well as the b, in terms of the ar and the 
Pr- Finally, we use the data (2.5) to express the a, and the P, in terms of the coefficients of 
Kumx and Maple 9 gives expressions that, up to a multiple of the equation (2.2) between 
the k,, are those stated in the Proposition. □ 

Using Magma to exploit these formulae, one can show the following corollary : 

Corollary 5.7 There is a degree 2p — 2 = 8 hypersurface S is |20i| such that the equality 
of divisors in |20i| 

U“^(Kumx) = Kumxi + 2S 

holds scheme-theoretically. 

Proof : Dehne the held L as the extension 


Fp(A;oi, kio, kii)[koo]/{k^Q — k^i — k^Q — k\i + koikioku +4) 

of the prime held Fp, and dehne R as the L vector space generated by r/oo, l/oi, Uw and r/n. 
The homogeneous polynomials Vqo, Vqi, Uio and Vn dehne a L-linear ring homomorphism 
V* : R ^ R (dehned by V*{yi) = Vp. Letting K (resp. Ki) be the equation (2.1) of the 
Kummer surface Kum^ in |20| (resp. Kum^i in |20i|). Magma checks that Ki divides 
V*{K). Letting Q be the exact quotient V*{K)/Ki, Magma checks that it is a square. □ 

5.4 Equations of V for p = 7 

Proposition 5.8 Let X be a general proper and smooth curve of genus 2 over an alge¬ 
braically closed field of characteristic 7. There are coordinates {x,} and {r/,} for |20| and 
|20i| respectively such that the Kummer surface Kumx in |20| has an equation of the form 
(2.1) and .such that, if the polynomials (V,) define V : |20i| |20|, {yp i—> (U(l/)), then 

^0 = Voo + ® 2100 l/ool/oi “I" ® 2010 l/ool/lO ® 200 l|/ool/ll “ 1 “ ® 1200 l/ool/oi ® 1110 l/ool/oil/lO 

+nilOll/oO?/oi?/ll ® 1020 l/ool/lO ® 1002 l/o 0^11 

+n 0300 l/ 00 l /01 + O0210I/00I/01I/10 + O0201I/00I/01I/1I + ® 0120 l/ 00 1/011/10 + (^OlliyooUoiyioyil 
+noio 2 |/ool/oil/n + «oo 3 ol/ool/io + O0021I/00I/10I/11 + Oooi 2 |/ool/iol/n + Oooosl/ool/ii 
+^2000l/00l/0ll/l0l/ll + ^liool/ool/oil/iol/ll + ^loiol/ool/oil/iol/ll + ^looil/ool/oil/iol/ll 
+bo2ooyoiywyii + &0110I/01I/10I/11 + &oioi|/oiffiol/n 

+^0020l/0ll/l0l/ll + ^OOlll/Oll/lol/ll + ^0002l/0ll/l0l/ll 

with 

^2100 = —2^koi{kQi — 1 ), 02010 = —2^kio{kfQ — 1 ), 

O1200 = ^01(^01 ~ 1)(^01 ~ 2 )) O1020 = ^10(^10 ~ ~ 2 )) 

00300 = —^01(^01 ~ 1)) 00030 = —^10(^10 ~ 1)) 
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O2001 — — 2 'kii{kfi — 1 ), 

01002 = - 2 ), 

O0003 = —knikf.^ — 1 ), 



^0111 


— 3/cgQ + ^{kQi + /c®Q + k\i) + 2(/cgQ + k^i + /cfg + k\i) + /coo(^oo + ^)koikiQkii 

+ (4A;^o + - 2/cgo(A;^i + /cfg + + 4) - 2koikwkii{kl^klQk\^ - 1) + 1, 

®02io ~ Sfcgj^/uio/^ii 4” 3^01^11 2/uoiA^oiA^fi + ^ik^ok^Y ~k ‘^kiQk-^^ ~k k^^kn + k^ik^^kn 

+^01^10 + 4/^10 — 2A;ioA;f;^ + “ik^iku — 2A;io, 

®020i ~ 3^01^11^10 4” 3A^oi^io ^oi^io 4“ 4“ 2k\\k-^Q + /cgi^io 4“ k^ik-^^kio 

+kQ^kii + 4A;^j^ — 2 A;iiA;^q + Sfcoi/cio — 2A;ii, 

®oi2o ~ 3/C]^q/coi A^ii ~\~ 3/cfo^ii 2/uio/coi^ii A^ioA^fi + 4/cqj^/cj^]^ + 2kQik-^-^ + /cfo^ii 4“ A^io^oi^ii 

4-/cioA^oi 4- 4/cq]^ — 2koik\i + S/ciq/ch — 2A;oi, 

®oio2 = 3/cf;^/coi/^io 4- 3/cf]^/c^Q — 2kiikQik\Q — /cn/cfo 4- 4 /cqj^/c^q + 2/coi/cfo 4- A^nA^io 4- /cn/^oi^io 
4-/cii/coi 4- 4 /cqj^ — 2A;oiA;io 4- 3/cii/cio — 2A;oi, 

®oo2i ~ 3/u]^q/cii/uq]^ + 3/cj^g/ug]^ 2/cxo^ii^oi ^lo^oi 4“ 4/cj^j^/cg]^ + 2/cixA^oi 4“ ^lo^oi 4“ ki^k^^^k^i 

-kk^Qkii + 4A;^]^ — 2A;iiA;q;^ + S/cio/coi ~ 2A;ii, 

®ooi2 = 3/u]^]^/i;ioA^oi 4“ 3/u^j^/cg]^ 2/uii/uj^q/uq]^ A^iiA^oi 4“ + 2/uioA^gi + A;^]^/uoi + A^n/cj^g/coi 

+k\ikiQ + 4A;^g — 2A;igA;Q;^ + S/cn/coi — 2A;ig, 

Ohio = ^ii(2(A;oo ~ ^oo^ii ~ ^ii) 4“ 2A;Qg + k\^ + /coi/^io(3/cii — /cgg + 2A;Qg — kn + 2) 
4"^oi^io^ii(4^ii 4- /cgg + 2) + 4/cQ;^/cfgA;^;^, 

®iioi = ^io(2(/i;gg — A;ggA;^g — /cfg) + 2A;Qg + /c^g) + /cgiA;ii(3A;^g — /cgg + 2A;Qg — /cig + 2) 

4"^01^11^1o(4A;ig + /Cgg + 2) + 4 /Cq^/ c^j^/c^g, 

®ioii ~ ^oi(2(/^gg ^00^01 ^oi) 4“ 2A;gg + /cg]^) + kiikioi^k^]^ fcgg + 2A;gg k^i + 2) 

4"^ii^io^oi(4A;q]^ 4- /cgg + 2) + 4A;^;^A;fgA;Q;^, 

^2000 ~ ^oo(2A;gg + k^^ + /c^^g + k-^^ + 2/ugg(/uoi/cioA;ii 2) + Ak^^k^^k-^i) ^ 

bo2oo — koo(4kQQ + 2kQi + 1 + 4/c^g/c^]^), 

^0020 = ^Oo(4/Cgg + 2/c^g + 1 + 4/Cg]^ , 

^0002 = ^oo(4A;gg + 2A;^;^ + 1 + 4A;Q;^/c^g), 

^1100 = ~^oo(^oi(^oi 4" (A^oo 4" 3)(A;g]^ + 2A;Qg + 4)) — 3(A;g;^ + 4 )(A;q;^ — 2A;Qg — 2)A;ioA;ii 
-2A;gi(A;g^ - 2)A;fgA;f„ 

^1010 = ~^oo(^io(^io 4- (A:gg + 3)(A;^g + 2A;Qg + 4)) — 3(A;^g + 4)(A;^g — 2A;Qg — 2)A;giA;ii 
-2kio(k^o - 2)A;oiA;?i, 

^1001 = —koo(kn(kfi + (A;gg + 3)(kfi + 2A;gg + 4)) — 3(A;^;^ + 4)(A;^;^ — 2A;gg — 2)A;giA;io 

—2kn(kii — 2)kQj^kiQ, 

bono = koo(kii(5kfi + (A;gg + 2)(3A;^;^ + 1)) — 3(kfi + 2)(kfi + l)A;giA;io, 

^0101 = A;gg(A;ig(5A;^g + (A;gg + 2)(3A;^g + 1)) — 3(A;fg + 2)(A;^g + l)A;giA;ii, 

^0011 = ^oo(^oi(5A;g]^ + (A;gg + 2)(3 A;q;^ + 1)) — 3(A;q]^ + 2)(A;q]^ + l)A;igA;ii, 

where the k, are the eoeffieients of the equation (2.1) o/Kumx- The Vi (i = 01, 10, 11) 
ean be dedueed from Vqo by a suitable permutation of the eoordinate funetions y,, namely 
the unique pairwise permutation that exchanges i/gg and yi. . 
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Proof : We make the same kind of calculations as in the case of the proof of the Proposition 
5.6, except that we use the formula 5.11 instead of the formula 5.10 and that we must use 
more data to determine all the coefficients involved. □ 

The computer the author used to carry out these computations was not powerful enough 
to obtain the same result as in the case p = 5. Actually, one could only check that the 
equation of the twisted Kummer surface Kum^i did divide the image of the the equation 
on the Kummer surface Kum^ via the ring homomorphism dehned by the above equations. 


6 Further questions 

Question 1 : Notice (Remark 5.5) that the Theorem 6.1 of [LP2] holds for any proper 
and smooth curve of genus 2 over an algebraically closed held of characteristic 3. Therefore, 
one can ask if the formulae given in Propositions 5.6 and 5.8 remain valid for any smooth 
and proper curve in characteristic 5 and 7. 

One way to answer this question is, being given any curve X over k, to consider a 
family of genus 2 curve X over Spec/c[[t]] with sufficiently general generic hber and special 
hber isomorphic to X and to study how do the equations specialize (see [LP2] or [Du] for 
examples of that method in characteristic 2). For that purpose, we would need a more 
rehned description of the moduli space 911^^(A;) of Kummer surfaces in P|, or equivalently 
(see Remark 2.10), of the moduli space of smooth and proper curve over k. 

Note that, combining the chart 2.5 giving the expressions of the uj{t) in terms of the k, 
and the classihcation of supersingular elliptic curve in small characteristic (see [H], Chap¬ 
ter IV, Examples 4.23.1 and followings), one can determine the open subset of 911i^(/c) the 
closed points of which correspond to curves with Prym varieties associated to etale double 
cover that all are ordinary. 

Question 2 : One would like to use the formulae given is Proposition 5.6 and 5.8 to 
say if, as in the characteristic 3 case, the generalized Verschiebung base locus is reduced in 
characteristics 5 and 7 (see [LnP] for a discussion on that topic). We would like to study 
the singular locus of the surface S in Corollary 5.7, with the aim of showing that it is zero 
dimensional and comparing it with the base locus of the Verschiebung. We plan to use 
the computers of the MEDICIS at the Ecole Polytechnique to carry out these computations. 

Question 3 : The most interesting question arisen by this work is how can we recover 
the results obtained by computational means in a more geometric way. We plan to return 
to this latter question in a future work. 
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